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ASP: A Statistical Package in APL

[Draft appendix to the forthcoming book,
"Statistical Computing with APL")

Designing a statistical package -- a set of programs for statistical
analysis of data -- poses problems, scme of them common to all computing,
some perhaps peculiar to statistics.

Features of computing for statistical analysis, not common to all com=-
puting, are that many diverss operations are cerried out on differeat sets
of data, that scveral bosic operations may be applied to any particular set
of data, and that only after a basic operation has been applied and the out-
put excmincd can the user see (usrally) whethe: the operation was appropriate
and satisfactory. Statistical analysic is a process of trial and error, not
to be specified simply and completely in advance. A statistical package is
therefore naturally thought of as a kit of tools rather than as a single
machine., Ingcnuity may be devoted to organizing the tools into one or a few
machines, but if, as with APL\360, the computing is conversational, flexibility
is to be preferrcd to grandeur, unless indeed the user neceds to be shielded
from prograrming.

A preuitten package of programs is attractive to a user who does not
consider him:z21f expert in the language in which they are written. Programs
in API\360, such as tliose presented hers, demand some knowledge of the language
and especially come knowledge of the system commands and of how to manage
workspaces. Given modest knowledge of that kind, the programs can be success-
fully uccd by beginners in computing who would not readily have composed
equivalent prograazs theuselves. Ultimately, however, the only good reason
for using APL for statistical wrork is to have complete ireedom to do what
one wishoes. " hese programs should be thought of as svggestions for how to
proceed 2nd s o sovrce of examples of programming technique, rather than as
prescriptions for good statistical practice. The progrims arc there to be
altered and cd~pted. They are not lockel,

Prosrans con heve at least four technical virtues, apart from their con-
tent ard prrpocz, namely (i) clarity to the reader, (ii) specd in execution
(CRU tim= ~or1 comnect time), (iii) economy in rpace requirod for execution,
(iv) economy in rpace required for storage. All four are important, though

their rel~tivae importance is arguable. Any actual program is at best a com-
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promise -- one virtue may be traded for another. Only if a program is to be
used often or kept a long time are the economies worth much thought, once a
few rudimentary principles have been learned: loops should usually be avoided
if possible, numerical data should aot be stored permenently in floating-
point form, and things like that.

Programs (functions) and data sets to be kept some time or seen by others
should be documented. The very least is to insert a line or two of comment
in the definition of a function (as for example in RNORMAL shown below in
display-sheet 3 -- anyone who knows what is wmeart by random normal deviates
should have no difficulty in using this function after seeing a print-out of
the definition). My usual practice is to provide ninimal information about
a data set under 2 name (of a variable or function) stored in the same work-
space, consisting of the letters WEAT Jjoined to the name of the data set,
and information about a function under a name beginning with the letters HOW .
Such documentation occupies least storage space, usually, if it is a variable
consisting of a character vector. Examples arc displayed below. My practice
is to conclude a HOW-variable with a date, the date of the most recent per-
ceptible change made in it. The user may quickly discover the date of a HOW-
variable by calling for the last 13 characters, and only display the whole
if the date is later than that of his last print-out.

Such documentation does not attempt to explain statistical principles.
More extended information, explanations of purpose and illustrations of use,
can be issued as duplicated reading matter, not kept in the APL system.

Scme precautions

As far as conveniently possible, functions should be written so that
they will not breal: down (be suspended) in execution, but rather will ter-
ninate with a warning message if something is wrong. At least to begin the
definition of a function by testing th> arguments (if there are any) for com-
patibility seeus to be good practice., This not only takes care of a ccumon
cause of failure in execution, but greatly assists a reader who is not fully
informed about what the function does. If the user is puzzled to get the
message 'NO GO.' when he tries to execute the function, he can examine the
first two or three lines of the definition to see what requirements have

been placed on the argumencs.
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Consider for example the function FIT shown below (display-sheet 3).
As HOWFIT explains, this function is intended to subtract from a given
vector (Y, say) its linear regression on another given vector (X, say). It
could be used to detrend a time series by removing its linear regression on
the time variable. The means, the regression coefficient and its conven-
tionally estimated standard error, are printed out for information. The number
of readings N is defined in line [1], and thereafter the desired calculations
and output are specified in lines [3], (87, [51, (8], (91, [10], in a manner
that should not prove difficult to read. Line [1] is primarily concerned with
testing that the arguments are indeed vectors of equal length not less than
3, and if they are not line [2] caures a message to be displayed and execu-
tion to stop. Line [6] tests whether all members of the first argument (the
'independent" variable) are equal. If they are, the vector X is this line
consists of equal nmumbers almost or exactly zero, and the regression calcula-
tion in line (8] should not (perhaps cannot) be executed, and so execution
of the function stops at line [7). If execution stops at line [2], the
explicit result Z is empty. If exccution stops at line [7), the explicit
result is just the second argument minus its mean., Only if both these traps
are passed does the explicit result become the residuals from the fitted
regression, as intended,

This function FIT has not been protected from every conceivable cause
of breakdown. If the arguments were vectors of equal length not less than 3,
but if either or both were vectors of characters rather than of numbers,
execution would be suspended at line [3] or [#7] where the sum recuction is
called for. There ought to be a primitive monadic function in AP, that would
yield the type of its argument, possibly (for example) 0 for characters,
1 for single bits, 2 for 4-byte integers, 3 for 8-byte floating-point numbers.
As things are now, one may test whether an array X is numerical with the

expression
o=1fcl,x .

This works because API\J60 distinguishes empty numerical vectors frou empty
character vectors, but that has the appearance of being an accident of the
implementation, not obviously required by any general syntactic principle;
in other contexts APL\360 ignores the type of empty arrays. To supply a

character argument to 2 function where a numerical argument is intended, or
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vice versa, is no doubt an unusual error in execution, scarcely worth guard-
ing against. At any rate, it has not been guarded against here.

Some of the functions in this collection, such as DCWNPLOT , require
that one or more global variables should have been defined before the function
is executed. There seems to be no way at present to test in the function
definition whether that is so, without a suspension if in fact the required
global variables have not been defined.

Another possible reason for breakdown in execution of a correctly written
function is that there is insufficient roem in the active workspace. If the
space requirement were determined, as a function of size of arguments and
any other relevant variables, this also could be tested for. I have generally
not done so, but an exampie of a possibility of this sort may be seen in the
function FILTER (display-sheet 9). The meat of the function is in the
singl: line [9], which executes fast but needs room, sometimes a lot of room.
The last three lines in the definition ccustitute an ulternative program to
lire fol slower to execute because of %“he loop hut neuding less space. In
line [8] a test is made of available space, with a branch to [10] if [9]
cannot be executed. (For this caleulation it is supposed that the argument
X consists of floating-point numbers, which it generally does in practice.)
Breakdown in execution because of lack of space has not been guarded against
completely, chere may be too little room in the active workspace even for
the more econcmical program, but the worst space problem in FILTER has been
taken care of.

Suspensions of function execution will occur. Sometimes the user's
attention is so fixed on remedying the causs or taking other action prompted
by the suspension that he omits to terminate execution of the suspended func=-
tion. Thenthe function's local variables supersede any global objects with
the same names. The most annoying effect of this kind comes from statement
lebels, which cannot (during suspended execution of a function) be treated
like ordinary names of variables and assigned new values. Preferably state-
ment labels should be unlike any other names used. Accordingly all statement
labels here begin with an underscored I . If the user refrains frod/ever
assigning to a variable or function a name beginning with underscored L
(no very irksome constraint, since underscoring is troublesome anyway),

there can be no confusion.
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Possibly there should be some similar distinguishing of all local vari-
ables in defined functions. That, however, is not so easy to achieve, partly
because in developing a function the author should feel free to change the
status of variables between local and global. For economy's sake, no local
variable should have a name longer than three characters”. If global vari-
ables and functions intended for permanent storage are given descriptive
names more than three characters long (as is my usual but not invariable
practice), at least there will be no confusion between them and local vari-
ables.

A particular kind of suspension occurs with gquad input, or as the User's
Menual calls it, evaluated input. Only three of *he functions shown here have
this feature: INTEGRATE, SCATTERPLOT, TSCP. In answering the first question
in SCATTERPLOT or TSCP, the user will normally type two numbers, as sug-
gested; but if instead he gives the name of a previously defined 2-element
vector, this must be different from the names of all eleven local variables
(not counting statement labels) in the function. The same applies to the
third question in TSCP , where nov there may be greater temptation to reply
with the name of a previously defined character vector (Z would be permis-
sible, or any name with more than one character). Similarly, if the function
asked for in INTEGRATE is previously defined, its name must not be any one
of A, H, N, 7 (it could happily be F, or any name with more than one character).

“There is a small unobvious economy in storage of functions to be derived
from keeping the nawmes of local variables short, mostly single characters. That
is that in a collection of functions the same names of variables will occur
again and again, for there are only 26 letters in the alphabet to choose from.
In storage each different name appearc just once in the symbol table, which
therefore needs to be large enough to accommodate all the different names in
the workspace -- the names of groups, functions and variables, including the
#ariables and statement labels in the function definitions. 1In the functions
shown here, a handful of cne-letter names account for many of the local vari-
ables; each appears several times in the definitions, but only once in the
symbol table. Therefore these functions can be stored in workspaces with

symbol tables substantially reduced below the standard setting.



Miscellaneous remarks

Perhaps a word should be said about some ol the algorithms, with reference
to their speed in execution. One should beware of supposing that comparisons
of alternative algorithms, executed in cowpiled Fortran, are relevani to
apparently similar algorithiis executed in APIN3G0. The richer vocabulary of
primitive functions in APL, and the different handling of arrayrs, can lead
to different conclusions. Because of its brevity, the runction RNORMAL
seems to be about the fastest possible genevator ol random normal deviates
in APL. The function HA ig 2 slow Fourier transform, but perrorms well
with series of modest length, such as can be accommodated in the customary
32K byte workspace; and it leaves the user completely indiffe-ent to the
prime-power factorization of the length of the series. (A fast Fourier trans-
form will no doubt eventually be added to the ccllection.) The inop at the
end of SCATTERPLOT could be avoided by an outer product, but that recems
slow in execution and certainly requires considerable space -- a counter-
exauple to the general principle of avoiding loops if possible.

Most of these functions have been developzd independently of anyone
else's programming. An exception is INTEGRATE , "ased on a program for

integration by Simpson's Rulec due to John Richardson (APL Quote Quad, 2/3

(1970), 26-27). The function JACOBI was developed from two APL programs
written by others, but is nol novw very close to either source. K. W. Smillie's
collection of statistical programs, STATPACK2 , provided many interesting
exanples of APL technique, but I have deliberately refrained from actually

using his programs in order not to be influenced in statistical thinking.

The display-sheets [{ollowing show function definitions and documentary
variables in the workspaces ASP and ASP2 . In alphabetical order, with

the sheet number on vhich they appear, they arc:

Do 'umentary variables

DESCRIBE : HCIJACOBT 17
HCHCONT INGENCY B HCUMAY 24
HCOWFILTER 9 HCGUPLOT 18
HOWFIT p) HOUREGRESSION Y
HCOWHARMONIC 10 NCUSUMELTRIZE 2
HCOTHUBER 12 HOTTRIPIEPLOT ae

HOWINTEGRATE
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E : Function definitions
' ANALYZE 8 POOL, 15
AUTOCOV i1 RECR 6
CONTINGENCY 15 REGRINIT 5
r DOWNPLOT 20 RNORMAL 3
EFFECT 8 ROVCOL 7
3 FILTER 9 ROVCOLDISPLAY 7
| FIT 3 ROWCOLEERMUTE 7
% FCURFOLD 16 ROWPLOT 21
3 HA 10 SAMPIE 3
; HUEER 13 SCATTERPLOT 19
HUBER1 13 SHO!! ¢
1 HUBER2 13 STDIZE 8
{ INTF 11 STRES 5
INTEGRATE 21 SUMMARTZE 2
JACOBI 17 TAPER 11
L MAV 1 TDP 21
1 MAX 2h TSCP 23
MULTIPOLY 16 VARTANCE 6

NIF 11
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VJLOAD ASP
SAVED  21.u48.43 07/17/73

YFIS
ANALYZE DOWWPLOT EFFECT FIT INIF INTCGRATL JACOBI [IF
REGR REGRINIT RIVORMAL ROWCOL RONCOLDISPLAY  ROVCOLPERIUTE — ROVPLOT
SAMPLE  SCATYERPLOT SHO!/ STDIZE STRES  SUMMARIZL VARIANCE

YVARS
DLSCRIBE HOWFIT (IOWINTEGRATL HONJACOBT HOVUPLOT HOVREGRESSIOL!
HOWSUMMARIZE 4 B (0

)GRPS
NWAYGROUP REGRESSIONGROUP ROVWCOLGROUP

)GRP WWAYGROUP

ANALYZC EFFECT (
YGRP REGRESSIONGROUP

REGR REGRINIT SHOW STR&S  VARIALCE C
)GRP ROWCOLGROUP

ROWCOL ROWCOLDISPLAY  KOWCOLPERMUTL €

ESCRIBE

ASP - A 57 ATISTICAL PACAAPL Il A PROGRAM?IN(‘ LA/JGUAGE
35 o RPN - SN0 PRl AT R e st 5. I 2 e Q) o B !

SOML PROGRAMS FOR STATISXICAL ANALYSIS BY F. J. AWSCOMBE, 'HO 'ILL APPRECIATE
COMMENTS AND ERROR REPORTS. (PHOWNE: 203-432-4752.)

'HOWPLOT' AND 'UOWTRIPLEPLOT' DESCRIBE PLOTTING FUNCTIOWS.

SEE 'HOWSUMMARIZi FOL SIMPLE SUMMARY STATISTICS, 'HOWFIT' AND 'HOUREGRES-
SION' FOR LEAST-SQUARES RLGRESSIOIl, AlD 'HOVHUBCR' FOR ROBUST REGRESSION. — SEE
ALSO THE FUCTIONS 'RONCOL' AND 'ANALYZL'. "HOWFILTER' AND 'HOWHARMONWIC' DLS-
CRIBE FUNCTIOWS FOR ANALYSIS OF TIME SERIES; SEE ALSO 'AUTOCOV'. 'HOICONTINGZN-
CY' DESCRIBLS FUWCTIONS FOR ANALYSIS OF CONTINGEwCY TABLES.

'"WIF' AiWD 'INIF' ARE THE WORAL INTEGRAL FUWCTION AWD ITS INVERSE VARIOUS
MATHEMATICAL OPERATIONS ARL DESCRIBLD I 'i{OIWJACOBI', 'HO'/I:/TE'GRATL, , THOMAX',

THE FUNCTIONS 'ROWCOL', 'APALYZr', 'EFFECT', 'AUTOCOV', 'SAWPLL', 'RNORMAL',
"WORHALTEST' ARE DESCRIBED Il CHAPTuR 7 OF SIATISTICAL COMPUSING WIT: 4PL.

THESL FUNCTIONS RLSIDE IN WORKSPACES NAMED 'ASP' AND 'ASP2' . SOME OF TIHE
FUNCTIONS ARy ORGAWIZeD IN GROUPS. BEGIN pY LISTING ALL FUNCTIONS, VARIABLLS
AND GROUPS IN EACH IWORKSFACE.

1-ORIGIW INDEXING IS ALWAYS SUPPOSED.,  SOME FUHCTIONS NEED THE GLOBAL SCALAR
CHARACTER VARIALLL? C CAUSING A CARRIER RETURI. (¢ IS INCLUDED IN EVERY GROUP.
€ SHOULD BE SPECIFID OR COPIED VHEW ANY OF TWUESE FUNCTIONS (BUT WOT A GROUP) IS
COPIED.  THE SCALAR VARIABLE B CAUSES A DACKSPACL. THE VECTOR A IS THE AL-
PHAUET, FIRST PLAIN THEW UWDERSCORED.

DEPT. OF STATISTICS, YALE UWIV., WE! HAVEN, CT. 06520 - 11 JULY 1973 ::..::..::!
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HOWSUMAARIZE

SUMMARY STATISTICS OF A DATA SET
SUMMARIZE 7

Tl ARGUMENT (2} wihY UOE ANY WUMERICAL ARRAY HAVIIG AT LEAST & MEBERS. MEAS-
URES OF LOCATIOw, SCALT AND SHAPE OF DISTRIBUTIOi ARL PRII'TCD OUT. SHAPL IS IN-
DICATED uY FREQULWCILS OF THE DATA I THe SIX INTURVALS INTO WHICH THE ReAL LINL
IS DIVIDLD BY THE MEALN + ~2 1 0 1 2 x TiUE STAWDARD DEVIATIO! OF TiHE DATA. X~
PECTED COUNTS IN THESL INTERVALS FOR A RAWDOM SAMPLE OF THE SAiIF SIZE TAKE!' FROM
A WORMAL DISTRIBUTIOI; VVITd THE SAME MEA! AND VARIAWCZ ARE GIVCHW FOR COMPARISOII.
SHAPE IS ALSO INDICATED BY FISHER'S SKE./NLSS AWD KURTOSIS MEASURCS, UITH THEIR
STANDARD ERRORS FOR A RAiIDOM SAMPLE OF THE SAnE SIZE FRON A NORLAL DISTRIBUTION.

28 JUAL 1973

V SUMMARIZ:L Z3A3D 3K 04;01,55:/
(1]  2+usieple«,2
[2)  +p0«'THE ARGUMLIIT MUST LE Ai' ARRAY VITil AT LUAST 4 MEMULRS.'
(3] C,'"WUMBER OF READINGS: ‘i
(4] ‘EXTREMUS : ' 3(2«2[672))(1,4]
{53  'QUARTILES: ';0A«0.5%x{+/Z[1+1-41),+/2[A«(L1+isu), (i)
(6] 'WEDIAN: ';0.5x+/Z[(L1+N:2),T1:2]
(7] ‘'McAiw:  VyMe(+/2):0
(8] C,'INTERQUARTILE RANGE: ';-/A
(9]  "WARIAUCE: ' ;ie(S+/il«Zxled=1])2il-1
(10) 'STANDARD DLVIATIOH: ' DeKx%2
[11] A«0.1xL0.5+0.0001x¥x 2275 13591 3413y
(12) (,'FREQUENCIES: ‘';+/( u+16)e.=z20 37L2D;', WITH FITTED NORMAL EXPECTATIO
NS ;4,04

[(13] 'SKEWNESS MEASURE G1: ';(sKxD)x+/(+/"®Z),i'+ "1 0 ~2 ;', WITH NORIAL S.E.

(/6,04 T2 01 T1 3)w32
(18] A«(RKxK)x(2/C+/Hx0) il 71 9 T2 1 T3)=3x0xS+#(/1-2)xi1-3
[(15) 'KURTOSIS HLASURE G2: ',A:', MWITH !JORMAL S.E. ';(:/2u,H+ ~3 C

T2 713 71 5)*x22;5C
v
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1
HOWFIT
! SIMPLL REGRESSION
Z¢X FIT Y
i THE TO ARGUMEWTS MUST BE VECTORS OF EQUAL LENGTH WOT LESS THANW 3.
THE MEANS OF THE TWO ARGUMEWTS, AU TUE RLGRESSION COLFFICIENT OF THE SECOND
1 ARGUMEN? OW Tur FIRST, WITil ITS COWVEUTIOUAL ESTIMATLD STAWDAKD ERRUR, ARE DIS-
4 PLAYED. THE EXPLICIT RESULY IS Tili VECTOR OF RESIDUALS.
E 30 MAY 1973
1
' U ZeX FIT Y;B3i0;S;U;V
{11 24 (W=+/pY)A( 3+ /pX)A(1=ppY)Al=ppX
(2]  +ple'ARGUMENTS MUST BE VECTORS OF EQUAIL LENGTH NOT LESS THAN 3.',2+'!
[3])  XeX-U+(+/X)%d
(4] ZeY-Ve(+/Y)siV
(5] °'MEANS ARL ';U,V
(6] -+8-A/X=14X
(7)  +p0«'WO RECRESSIOI! CALCULATED."
(8]  'REGRESSION COEFFICIENT IS ';D+(X+.xZ):S«X+.xX
(9] S«(2+.%x2+Z-DxX)+Sxil=2
(101 ' WITH ESTIMATED STANDARD ERROR ‘';5%0.5:' (';l-2;' D.F.)!
v
V Z«RWORMAL ;V
(1]  24v/Wz1)A(iV=L0) AL =zpiV+ 1/
(2] +0,pl}'W0 GO.',Z«"!
(3]  2«(#2147u83647)x2( 2, iV+2)p2147483647
(4] ZeWt(, 1 2 ©.02[2;]x02)xV,V+("2x@2(1;]1)%0.5
[(5) A W RANDOM WORMAL DEVIATES 1Y DOX-MULLER [4ETHOD.
v
E V Z+il SAMPLE CP

(1) 2+ (A/, (=L)AL IA(12pptd )AA/ (12CP YAOSCP+ ,CP

(2] -pll'w0 GO.',2¢""

(3]  Z¢+£CPo,<(32147483647 )% 2/p2147483647

(4] o SAMPL: OF SIZE N FROM A DISTRIBUTIOI OVLR NOI'WEGATIV. IWTLCERS HAVIVG C
UMULATIVE PROBABILITIES CP.
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HOWREGRLSS [0

MULTIPLE REGRESSION BY STAGLS AND LXAXTUATION OF RESIDUALS
(1) X REGRIVIL Y

(2) RECK L

(3) Show v

(4) STRLS

(5) VARIAWNCE

'REGRIWIT' IS USLD ONCE AT THE OUTSCY TO SET UP GLOLAL VARIASLLS FOit 'REGH.
'REGR' PSRFORMS REGRESSIOW Od OWE Oif viORL DESIGEATLD INDLPLwDLWT VARIABLLS, AND
MAY BE CALLLD REPEATEDLY. ‘'SHOW' #AY BE USED AT ANY STAGE TO OBTAIW SUI-HARY IN-
FORMATION ABOUY A VECTOR. ‘'STRES' GIVeS STAUDARDIZUD RLSIDUALS OF THE DCPENDLNT
VARIABLE(S) FOR USE IH SCATTERPLOYS. ‘'VARIANCL' YIELDS THE CONVENTIOWAL ESTIwA-
TED VARIANCE MATRIX OF TUZ ReGRESSION COEFFICIGNTS.

(1) @RI4IL.  THE FIRST ARGUMENT (X) IS A MAYRIX VWHOSI COLUMWS LIST VALULS
OF THE INDEPENDENT (LXOGZIWOUS, FREDICIOW) VARIABLES. — USUALLY ONE COLUMN IS ALL
1'S, AWD ITS INDEX NUMNBE. 15 THF ARGUMEWT IN THE FIRST CALL OF 'REGR'. EACH CO-
LUMN OF X SHOULD HAVE bEEN WULTTPLIED BY A POVER OF 10 SO THAT THE UNIT PLACE IS
THY LAST SIGNIFICAWT ONiE. Wil A COLUMG OF X-RESIDUALS HAS SUM OF SQUARES LESS
THAN (WUwy) IT IS JUDGED TO BE 100 CLOSE TO ROUND-OFF ERROR TO BE [JORTH USIIG.

THE SECOIID ARGUHMERT (Y) IS EITHER A VECTOR LISTING VALULS OF OFFE DEPENDENT
VARIABLE OR A WATRIX WHOSE ROVS LIST VALUES OF SFKVERAL DEPENDENT VARIABLES TO BE
STUDIED Il PARALLEL. THE [JUMBER OF ODS.RVATIOI'S OR DATA SETS IS EQUAL TO

14pX < “1tpY

GLOBAL VARIABLES I1il 'REGRINIT' AND 'RIGR':

P THE WUMBER OF INDEPENDENT VARIABLES, (pX)[2] .

IND A LOGICAL VECTOR OF LEUGTH P SHOVING VHICH INDEPLIDCT VARIABLES HAVE BEEV
BROUGHT INTO TIL REGRESSION RELATION (INITIALLY ALL 0'S).

w THE JUMBER OF RESIDUAL DEGREES OF FRLCUDOM (INITIALLY THE WO. OF OBS.).

RX TRAWSFORMED OR RESIDUA!, X-VARIABLES (IWNITIALLY EQUAL TO X).

RY RESIDUALS OF Y (INITIALLY LQUAL 10 Y).

2] REGRESSION COEFFICI&dTS (VECTOR OR MATRIX) OF Y ON COLUMNS OF X CONSIDERED
50 FAR. (B APPLARS OKLY IN THE OUTPUT OF 'REGR'.)

RB DITTO WIT!Y RX Iil PLACE OF X (INITIALLY ALL 0'Y).

TRX  P-BY-P FATRIX TRAWSCORMING X TO RX. QRX <+ THX+.xQX ; B «> RU+.xTRX .
TdL FITTED VALUEGS ARE  Y-RY <> DB+.xQK <> RB+.xQRX .

ISS  IWITIAL SUN OF SQUARLS (APPEARING ONLY IN TuLC OUTPUT OF ‘REGRINIT').

RSS  RESIDUAL SUii OF SUARES (APPEARING OWLY IN THE OUTPUT OF 'REGR').

AFTER "REGRINIY IS CXECUTED IT CAil Bk URASCD, AS ALSO ITS ARGUMENTS  (WHICH
SHOULD BE STORED FOR COPYING LAVER WilEw oZEDED).

(2) REGR. THE ARGUMNECT (L) IS A SCALAR OR VECTOR LISTIIG T:di INDLX #0.(S) OF
THE INDEPENDENT VARIABLE(S) TO DL BROUGHT weXT INTO THE REOGRLSSION.

REWAME RSS OR ANY OTIER GLOLAL OUTPUT VARIABLE Y0 SAVL IT, BEFORD AGAIN CALL-
ING 'REGR'.

THE POSSIULE REDUCTIONS IN RSS TABULATED IN TiE VPRINTED OUTPUT SHO! THE FF-
FECT OF DBRINGING OWE FURTUER INDEPEWDEUT VARTABLE INTO THE REGRLSSIOW, AMD  MAY
8E USED TO GUID: THE WEXT CALLING OF 'RUGR'.

THE SO-CAL%ZD MODIFIZD GRAM-SCHMIDT ALGORITWIi IS USED. SLi
ANSCOMBE: . ROYAL SiATIST. 50G. B 29 (1967), 1-52, GSPRCIALLY SECTION 1.4,
BJURCK: BIT - WORD. TTNSKR. INFORMATIOUSBEHAJD. 7 (1967), 1-21.
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Lo satatb ekl b i s

IF YOU WAWT ©0 FOIL Tit (JUsu) PROVISION MIUTIOrlD AsOVi:, REPLACL THE ‘&' IN
LINE (1) BY A LARGER WUWBER.

(3) SHOW. THE ARGUMENT (V) IS A VECTOR, SUCI AS RY (IF A VECTOR) OR A ROW OF
RY (IF RY IS A MATRIX) OR A COLUMi} OF RX OR DIAGQ (SEZ 'STRES').

WU IS USED AS DIVISOR IN FINDING THE R.M.S5. VALUL. IF 'SHOI' IS USLD OUTSIDC
TdIS REGRLSSION CONTEXT, WU MWUST BE SPLCIFICD FIRST.

THE FRLQUEWCY DISTRIBUTION IN THE PRI'TLD OUTPUT IS OVER 6 ITERVALS OF EQUAL
LENGTH, THE 1ST AND 6Td INTERVALS AR. CENTZRLD ON TIUE LEAST AlID GRDATTST VALUZLS
OCCURRING IN V,

(4) STRES. WO ARGUMEITS; SUOULD DE USED OULY AFTER 'REGR' HAS BEEN EXECUTED.

GLOBAL OUTPUT VARIABLLS:
DIAGQ IS A VECTOR CONSISTIIIG OF THE MAII) DIAGONWAL OF A MATRIX Q (NOT FURTHER DE-
TERMINGD HERE) THAT PROJECTS Y INTO RY, THUS RY ++ Y+.xQ .
SRY  LACH ELEMEWT OF RY IS DIVIDED BY THL SQUARE ROOT OF THL CORRLSPOIDING ELE-
MENT OF DIAGQ (TIMES A CONISTANT).  IF THE MEMBERS OF DIAGQ ARE ALL EQUAL,
SRY IS THE SAME AS RY.

(5) VARIAICEL. WO ARGUMENTS; JSE OVLY AFTER 'REGR' HAS BELUW EXECUTLD.

OWE GLOBAL OUTPUT VARIABLE':
XPXI IS 'X-PRIML X INVERSE'. I4EW REGRESSIOii HAS BELN PERFORMED OW ALL COLUMRS
OF X, XPXI IS THE INVERs: OF (QX)+.xX; OTHERI/ISE IT IS THE CORRESPON-
DING EXPRESSIOi FOR THE COLUMIS OF X THAT HAVE BEEW USED, [TOGETHER [/ITH
ZEROS FOR REGR:SSIOi COEFFICIEWTS WOT LSTIMATED.

27 JUWE 1973

V X REGRINIT Y;J
(1] +3-(A/1spX)A(A/15pY)A(V/ 1 2 =ppY)A2zppX
£2]  +3+J«(T14pY)=NU+14pX
(3] =~+0,p0«'i¥0 GO.'
(4]  X+04,TRX«(P,P)p1,IND+(P+« 14pRX«X)pO
[S] +9x11=ppISS++/RYXRY+Y
{6] RB«PpO
(7] C,'INITIAL SUM OF SQUARLS (ISS), wUiBER OF READIIGS Ai'D MEA:! SQUARL AR
(8] +0,0¢(L0.54I55),0U,0.001xL0.5+1000xISS sl
[9) RB«((11pY),P)p0
[10) C,' *Y-VARIADLL ';J;''
(11) ‘INITIAL SUt OF SQUARES (ISS(';J;'1), WUMBER OF READINGS Ai'D iMEA1] SOUARE A
RE'
[12] (L0.5+4ISS(J]),WU,0.001xL0.5+1000xISS[JY+NU
(13) +10x(14pY)2J«J+1

V STRES ;11
(1)  +2+A/0<DIAGQ«1-+/M%(pM)p+#iie(IND/RX Y %2
(2) -+0,p0¢'A MEMBER OF DIAGQ VANISIES. SRY [IOT FOUID.'
(3] SRY<«RYx{(pRY)p(DIAGQx(pRX)[1]+HU)* 0.5

v




(1]
(2]
(3]
(4]
(5]
(6]
(7]
(8]
(9]
(10]
{11]
{12]
{13)
{14]
(15]
[16]
(17)
(18]
{19]
(20]
{21]
(22]
(23]
(2u]
(25]
[26]
[27]
(28]
[29]

f1]
[2]
{3}
(4]
(5]
£6]
(7]

(8]

(1]
(2]
(3]
(4]

Y REGR LD I:Jd K:S:U

+2+(0<D+vu )AJ+(A/Le \PYAA/1Sp L+, L

+0,pU"10 GO. '

441 SiU«VU-0=IND{ K«L[J 1)

+0, puU" U HAS VANISIED.'

IWD[K ]+

+Ox \({UD)<S«RXT ;X )+ . xRX( 1K)

'DIVISOK TOO SMALL AT COLUMul ' 3K;' OF RX.'
+0

RX«RX-RX( ;K Yo . xU«(RX[ ; KY+.xAXx (pRX )p~IlD)+S
TRX<TRX=Uo ,xTRX(K ;]

+1242zppRY«RY « (U« (RY+ . xRX[ ;K] )%5)0 . xRX[ ;K]
+14 ,RB(KJ+«RB{K]J+U

RBL ; K1«RB[ ;K)+U

+3x 1 (pL)2J«/+1

I« (/U 3D) S+ #RX%RX

RSS++/RYxRY

F22x\Jev/2=ppU+Ri+  xTRX

C, "RESIDUAL SUM OF SQUARES (RSS), D.F. (WU) AND MEAY SQUARL ARL'
(LO.5+RSS),NU.,0.001%xL0.5+10C0xRSS 1.V

'POSSIBLEE REDUCTIONS IN RSS ARE!
+28,10¢L0.5+{(IxRY+.xRX)*2):S[WU%D

Co' *Y-VARTASLI ';d 5 "+'

'"RESIDUAL SUM OF SQUARLS (RSSLU';J3'1), D.F. (WU) AND MEAi’ SQUARL ARE'
(LO.5+RSS[J]Y) ,ilU,0.001xL0.5+1000xRSS[J]+U

'POSSIBLE REDUCTIONS Il RSS(';J;']) AKD!

LO.5+((IxRY[J ; . xRX)*2):5TNU:D

+22x1(14pRY)2J«J+1

+0x11=A/1

¢, 'DIVISOR TOO SHALL AT COLUME ‘' (~I)/\P;' OF RX.'

SHOW V53R

+3-(v/6spV)A1=ppV

+3+0<=/VL (R«(AV)[ (13),(1+pV)-131)[6 1]]

+0,p«'N0 GO."

5+0.01x0.5+100x((+/VxV)+llU )*0.5

We0.01%L0.5+100xV[R]

'3 LOWEST, 3 HIGHEST (UITd RAUKS) AND R.t.S. VALUES!

17" (U51tRy ), N502]5 (C5R02D50), 03D (U5R03D50), sl (URD
8330y, HOSTSt ('GRESDST) . 'Syt ('554R3 ) 'S

'"FREQUENCY LISTRIBUTION: *;+/(0,15)°.=10.5+5x(V-V[14£])+-/VIR(6
11]

VARIA:ICL

XPXI«(((P,P)pItD\++#IND/RX*FEX)*QTRX )+ .xTRX

+{(1 2 =ppRY)/ 3 &

+0,pl}+ "ESTIMATLED VARIANCE MATRIX OF o IS5: XPXIxXRSS:NU!
VESTIMATED VARIANCE MATRIX OF DLJ;1 IS: XPXIxRSS[J)#iU!
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V ROWCOL Y, ;A

(1]
(2]
(3]
(4]

(s]
(6]
(7]

(8]
29]
{10)

f11]
(12)

(13]
(1u]
(15]
(161}

{17]
(18]
{19]

(1]
(2]
(3]
fu]
[s)
(6]
(7]

(1]
(2]
(3]
(u]
(5]
{6]
(7]
(8]
(9]
[10]
(11]
v

24 (0sx/pYIN(A/2spY )Alzpp!

+0,pde "0 GU.!

s "GRAND MEAN (GH) I0 Tituteg+/ Y )ioex/pd

YTOTAL LUM OF SQUARLY AvOUT +iLAW (185), DLGREES OF FROUDO.. AlLD !LAw SQUARL
ARL VG T08, (W=1) , (#id=1)%T55«+ / RYRY+Y -Gt

oy *ROWS !

'EFFECTS (RE) ARL ' yRL«(+/RY)Y+14pY

'SUM OF SQUARZS (SSRY, DJF. mdD 1.5, ARL "385R (T 1+140Y) ,(+ 1+14pY)x5SA+(1
oY )xRE+ . xRE

(¥ *COLU IS !

'"WEFLCTS (CL) ARE ' ;CEw(+4RY)i1tpY

'SUM OF SQUARES (SSC), D.F. AND 1.5, ARL ',55C, (T 141+4pY), (i 14¢14pY)xSSC+(1
tpY)xCL+ . xCL

o' *RESIDUALS '

YOUM OF SQUARES (RSS), DJF. (LU AD .5, ARL 'V ,RSS iU, (#17U+x/ " 14pY IxR55++
/ JRYRRY«RY=KEo ,+(C

YR MATRIK OF RESIDUALS IS /AMED RY.!

+(O<ISRSSC)/ " 24p0¢C, " *TUKEL''S TEST!

»o ' TEST FAILS BECAUSE  SSR<SSC VANISHES !

YHEGRESSIC) COEFFY. (u) OF KY OJ KFe.xCl IS ' ;B«(Ae+/ ,RYXREo ,xCL )x{}+SSRx
58C

YTUREY ' 'S 1=DF, TEIN LS Videdn

"RedALnldG SUF OF YQUARES, 0.F. ALU e85, ARE ' A,(WU-1), (00«1 )%A+RS5-A

a IS PROGRAM PERFOK S A STANDARD ACALYSIS OF VARIANC: ON A TVO-''AY TAJL

Al

L.

ROWVCOLPERMUTC

RE«RiE(RP+YRL )

Cl+CE(CP+CL ]

RY+RY[RP;CP]

'RO!/ PERMUTATION (RP) IS 'RP

'COLUMW PERMUTATION (CP) IS ';CP

'REZ, CL AU RY ARE wOW PERNUTLD.'

A USE AFTUR RO!/COL, sEFURL ROIJCOLDISFLAY .

ROWCOLDISPLAY 1,0 0;R;S;1

+24(0<+/ , I)A(0=ppI)A(2=pS« 1 1)A(D*2)er2

»0,ple'wr GO."

4130200« (T 1M/(D, D% 1T LOS+((1+C7) =" 13004 )4 x (A pCL) o, S1pCT) 00
o' THE ARGUiLT IS 100 SMALL, TRY AGAII .°!

ClW}«1

[ wCODLD DISPLAY OF PERMULT!'D RESIDUALS»!

Re( 141, 1T L0 5+ (T 1 REY=14R) 23 /1,5)4 (A pRE ) 0w <V pRE ) p0
RIWI+1

YWE-SI DISPLACEMEANTS ROUGHLY (EASURL CHACGLS TP FITTED VALULS Y C
C\RX " M=o+ PRP YL LU. S+3xRY [/, IRY]

A S "MOWTRIPLEPLOT!Y .
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(1]
(2]
(3]
(4]
(5]

(6]
(7]
(8]
(9]

(1]
(2]
£3)
{u]
(5]
(6]
(7]
(8]
(9]

(1]
(2]
(3]
(u]

oy e s el i b b i e s S RS S

V ANALYZE Y

v

+2+(A/2spY)A2<0pY

+0,0¢'0 GO.'

DF«(1,1+ppY)p1

'GRAND #EAN (GM) IS ' ,GM«(+/,Y)4x/pY

'TOTAL SUM OF SQUARLS AROCUT MLCA#Y (TSS), DEGRECS OF FREEDON AND MEAI SQUARE
ARE ' ;TSS.,ilU, ($ilU«"14+x/pY )xT55++/ ,RYXRY+Y~Ch

'PROCEED BY REPCATEDLY CALLING THE FUNCTION '‘LFFECT'*.*

'"HE ARRAY OF RESIDUALS IS ALWAYS HAMLCD RY, IVITH DEGRECS OF FREFDO.! NU.'
YRENAME SS EACH TIME 70 SAVE IT.!

A DEGINS AW ANALYSIS OF VARIANCE OF A PERFLCT RECTANGULAR ARRAY.

Z#EFFECT VJ ;K PR

+3=A/V/ie( V)0 =\ Ret /poRY

+34A/ 0t te1 -+ 4]

+0,p+'N0 GO.',Z«"!

Je+/1tpDF«DF ,[1] M,0

UU=DF(J ;148 )¢ (x/ (pRY)LV])-DF( ;14R)+ . x(+/DF(J ; })=DF+ . xDF[J ;]
SS+ixt/  2x2+(3K)x+# ((Kex/M/oRY), (pRY)[ V] )p(4P+(M/\R) ,V)RQRY
RY«RY-PR((t/pRY),(pRY)I[V])pZ

'SUN OF SQUARES (88), D.F. AND #:.5. ARL ';55,DF(J;1+R),55:DF(J;1+4R)
A 'ANALYZE' SHOULD BE CALLED FIRST.

Y«STDIZE X;C

»24V/ K214 X< X

+0,pl+'W0 GO.' Yo'

Yern ((+714pX)x4/YxY+X~(+/X)3pX )% 0.5

a THE VECTOR X IS RESCALLL TO HAVE ZERO MEAR AND UNIT VARIANCE.

-8 -




JOWFILTER

FILTERI.G TIME SLRILS
(1) U« FILTLR X
(2) U« WAV X

(1) FILLLB. TUE FIRST ARGUMULUL (vi) IS A PAIR OF INTGGORS DEFIVING TilE FILTER.
THE SLCOWD ARGUMLWT (X) IS 4 VECTOR OF DATA TO BE FILTCRLD. FILTERIIG CONSISTS
OF SUBYRACTING A COSIUL-VEIGHLSLD HOVING AVLRAGE OF EXTEl t{2)  FRO( A SINILAR
wMOVING AVERAGE OF CXiuor  M{1] . Tul, RESULTLIG VEIGHTS ARE DISPLAYED, TOGCTHLR
WIT THCIR SUM OF SQUARLS. TdE CLEVIENTS OF 11 wi)ST JF EITILK BOT.! ODD OR BOTH
EVidW, OR vLSE Oie OF TUEM MUST BE 0. TO GET A 1\1-POINT MOVI('G AVCRAGE, SET M
BQUAL 70 11 0 . 70 DETREND A SERIES 0Y SUBTRACTING FROM IT Ail 11-POINT MOVIWG
AVERAGE, LCT M BE 1\ 11 . FOR A SMOOTHLD DETREWDED SERILS, LET M BE (E.G.)
3 11 .  SETTING M LDQUAL TO 3 1 YIFLDS Tdf! SECOUD DIFFFRLIICE OF X (DIVIDED
BY 4), IF THE JONZERO ELLHENTS OF M AR7 ODD, THL RCSULT CORRESPOI'DS TO Tilk
SAME TIME POINIG AS TiE DATA (APART FROw LOSS OF SOWE END VALUrS).,  BUT IF BOTI
LLEMEJTS OF M ARy BVDi!, Tilk RESULT CORRESPONWDS TO TIN7 POIL'TS MIDi’AY BETEEW
THOSE OF TulE DATA.

IF Ail ELLMENT OF M EXCEEDS 4w, A LITTLE CHEATING GOLS Oil AT THE Ei¥DS OF X ,
THE FIRSY AND LAST ELUHEUTS BEING REPEATED R TIMES AS DEFICED AT [7).  IF YoU
DO WOT WANT THIS FEAYURE, BITHER REPLACE (7] LY
(7] R0
OR DROP THE FIRST AuD LAST R ELENENTS OF U .

(2) H4V. AV ADAPYATION OF 'FILTER' P0 TAKING A COSIIE-IEIGITED MOVING AVERAGE
OF 1ACd OF SEVCRAL VECTORS SINULTAW&OUSLY. THE FIRSY ARGUHCNT (M) IS A POSITIVE
INTEGER, THE SECOLD (X) IS A wATRIX. THE RESULT (U) IS A MATRIX, JHOSE ROJS ARE
WHAT WJOULD BE OUTAIWED LY RuPEATED APPLICATIOIN OF 'FILTER' (MODIFILD AS SUGGEST-
D ABOVE BY SETTING R«Q) TO TiE ROWS OF X :

UlJd;]) < (M,0) FILTLR X(J;])

IF YOU WANT YHE VWEIGATS TO UE DISPLAYED, INSERT + AT THE BEGINNING OF LIWE (u]
OR SOMETHING.

28 JUNE 1973

V U«M FILTER X;P;i;W
(1]  +3-(a/2=p)A(1=ppM)A1=ppX
(2]  +3+A/(OSMIA(M=LM)A((O=X/M)IVO=2 | - /61 )A(=/M)A(2x " 24pX Y 2D« /11
(3) +0,p0+'i0 GO."' ,U+""
(4)  We(Lo.5xP-M{1])O((P-ML11)p0),(21-20(1M[1])x02:14M 1] ) +1+14[ 1]
(5] e/=CL 0, 5xP-ML21)®((P-i12))p0),(1-200 M 2] )x02:1+ML 2 )41 +M( 2]
(61  'FILTER EIGHTS ARE 'l WITI 5.5, ViWe.x/
{7]  Re{(P-1)+u
[8) +L1x1(122)<16xPxpX«(Rp1tX) ,X,Rp 1tX
(9]  +0,pU«W+.%x(0,1-P)+(T1+ . P)P(P,pX )pX
{10] L1:ReppU«((pX)+1-P)p0
(11) U«U+W[RIx(R-1)4(R-P)3X
(12] -+(P2ReR+1)/[1+1
v
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HOWHARMOWIC

FOURIER ANALYSIS OF A TIMC SERILS
(1) VeK TAPER U
(2) Z«itA v

(1) TABER. THE FIRST ARGUMENT (K) IS A POSITIVE INTEGz:ic, AiID THE SECOND (U)
IS A VECTOR OF LENGT! GREATER TiAi! 2<% .  "™iIC RCSULT (V) IS A VECTOR OF LENGTH
(pU)-K , A CIRCULARIZED VERSION OF U OBTn.. 2D 3Y OVERLAPPING THE FIRST AND THC
LASY K ELEMENTS.  TIUE FIRST K [ELEMCNTS OF U WULTIPLIED BY A VECTOR OF LI-
WEAR WEIGHTS W , PLUS THE LAST K FELZNCUTS OF U MULTIPLILCD BY 1-V , FORN K
CLEMENTS OF V , SOME AT THE BEGINUNING AnD SOMID AT TWE END.  THE REST OF V IS
THE SAME AS THE REST OF U . THE WEIGHTS W ARLC DISPLAYED.  DIFFURENT WEIGHTS
CAN BE OBTAINED BY ALTERIVG THC DEFIHITION IN LINE [4). THIS PROCESS IS NEARLY
BUT WOT QUITE VWHAT IS GEWERALLY CALLED TAPERING. TO PERFOR: A HARNOWIC ANALYSIS
OF A GIVEW TIML SERIES, OHNE MAY SUCCLSSIVELY EXECUTL 'FILTER', 'TAPCR' Ai'D 'HA'.

(2) dA. THE ARGUMENT (V) IS A VECTOR OF LEHGTH N JOT LESS THAW 3. THE RE-
SULT (2) IS A MATRIX UITH TWO ROVS.  THE FIRSY RO IS THE FOURIER DECOMPOSITION
OF THE TOTAL SUM OF SQUARES OF V (ESSENTIALLY THE LINE SPECTRUM OR PERIODOGRAM).
THE SECOND ROW LISTS PHASES. THE ANALYSIS OF VARIANCE SHOULD BE CHECKED FOR NU-
MERICAL ACCURACY :

+/2[1;] < V+.xV

Z(1;1) IS THE 'CORRECTION FOR THE [MEA:' WITH 1 DEGRE: OF FRLCEDON. FOR WUE~-
RICAL STABILITY IT OUGHT 7C BE SMALL. THE CORRESPOUDING PHAS: 2[23;1) IS SET
CONVEWTIONALLY EQUAL TO 0. IF W IS EVEW, THE LAST MEMBER OF 2[1;) ALSO HAS
1 D.F. AWD THE CORRESPONDING PHASE ~14Z(2:) IS SET COWVEWTIONALLY EQUAL TO 0.
ALL OTHER MEMBERS OF 2(1:] HAVE 2 D.i'.  2[1;J+1) REFERS T0 TH: J -TH HARMO-
WIC, J CYCLES PER N TIMC UWITS, WHERL J IS LESS Ti{Al H:2 .  PHASE (DETI/-
EEN O AND 02) IS MEASURED RELATIVE TO A TIME ORIGIN ON THE LEFT, SO THAT THE OB-
SERVED TIME POINTS APL il . THE FITTED HARMONIC IS

AMPLITUDE x COSINE (PHASE + (02xJ:i])x1il)
WHERE

AMPLITUDE < (2[1;J+11%x2:4)%0,5

PIIASE « 2[2;J+1]

15 Nov. 1971

V Z€HA V3J;M;30;A
(1) 2+ (3si«+/pVIA(J+1)=ppV
(2] =0,pl'w0 GO."',Z+""
(3]  Z«e(2,14L0:2)p((AxA«+/V)+1),(i14+1)pO
(4] i+ 1 2 o,0(02:N)x1y/
(5]  201;J+1)«(2:0) x4+ . xA«M 3141 | " 140 i ]+ . xV
(6] -+8-0=4[2]
(7] =9,2[2;J+11+00,5+1=x4[1]
(8] 2[2;J+11«(02)|(0 1=xA[2]))-"30:/4
[9] (1 0 "1 =xi-2xJ«J+1)/ 5 10 ©
[10] 2[1;J+13«(AxA«-/V)si)
v




Ca ko

(1]
(2]
(3]
(4]
(5]
(6]
(7]
(8]

(1]
(2]
(3]
Cul
[s]
(6]

1]
3
(3]
(u]
€s]

(1]
£2]
(3]

(1]
(2]
(3l
{4l

(sl
(6]

V U+ MAV X;R;W
+3-(0=ppM)A2=ppX
+>3+(M21)A(i=LM)AMS 140X
+0,pld¢ 1AV WO GO.',Ue'!
We(1-20(111)x02+1+M) 14N
M;'-POINT COSINC-I/EIGIHTED MOYING AVERAGLS'
ReppplU+((pX)=0,i-1)p0
L1:U«U+WIRI*(0,R-1)+(0,R-M)+X
+(M2R*R+1) /L1
v ]

V V«K TAPER U/
+3-(0=ppil)A1=ppl
+3+ (X=LK)A (K21 )A1s(pU)=2%K
+0,pll+'NO GO.' ,Ve'!
'TAPER WEIGHTS ARE ‘' ;lJ«(WK)*K+1
ULAKI=( (=L)UY +WxUL\K]- (=K )+
V<(LK+2)d(-K)+U

V CeN AUTGcOV V;id

*2+ (Ve 14+ /pVIA(J«2s+/pV)IA(1=pp V) AO=ppl
+0,p'WO GO.',C<"!
Cel’+  xV
SUxN2JepC+C, (JEV )+ . x(=J)+V
A FIRST N TERMS OF CORRLLOGRAM OF V ARE 1+C+C{1]
v
V Z+IF X
240 .5+ (xX)x0,5=(xXxX+ 2)x(($140.2316419x|X)o,*15)+.x 319381530 ~ 356563782
1781477937 ~1821255978 1330274429 x3.989422804E" 10
A HASTINGS APPROXIMATION TO '[HE 1JORVAL (GAUSS-LAPLACLE) INTEGRAL FUHCTIONW,
WBS HAWDBOOK, AMSSS5, 26.2.17.
A ABSOLUTE ERROR IN 2 LESS THAW 1E™7. X MAY BE AWY WUMERICAL ARRAY.

V X«IWIF P;U
+2+¢A/ ,(1»P)A0O<F
+p{J¢'NO GO.' X!
U+( " 2%@0,%-|P~0.5)*0.5
X+(xP-0,5)xU-({Uo.* 1413)+.,x 2515517 802853 1032&)+#(Uo.* 1414 )+.x
1000000 1432788 189267 1308
A ASTINGS APFROXIMATION TO TUL IWVERSE OF THE INOR!IAL INTEGRAL FUICTION,
NBS HANDBOCK, AMSS55, 26.,2.23.
A ABSOLUTE ERROR IN X LESS THAN SE™4., P MAY BE AJY ARRAY OF NUMBERS BETW
EEN 0 AND 1.
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HOWHUBER

ROBUST REGRESSION
(1) 2Z+R UUBER 2
(2) DZ«HULER1
(3) DZ«HUBLR2

THE FUWCTIOW 'HUBER' PERFORIS OI'E CYCLE OF ITERATION TOIARDS MINIMIZIG THEC
SUM OF A FUNCTION RHO OF TiE RESIDUAL. Il! A REGRLSSIOI! PROSLLM, !VHERE Ril0 IS
DEFINED IN TERMS OF A POSITIVE COUSTANT K AS FOLLOS:

VU« RO 2
(1] U((0.5%xZ#2)xK2|Z)+(Kx(|2)-Ki2)xK<|Z ¥
(SEE P. J. {UBER: Qilll. MATH. STATIS?. 35 (1964), 73-101.)

K MAY BE SPYCIFILD I ADVANCE, OR ALTERNATIVELY MAY DL DETERMINED BY THE CON-
DITION THAT A SPECIFIED PROPORTION OF RESIDUALS EXCEED K IN MAGHITUDE. CALCU-
LATION OF ESTIMATED CHANGES IN THE REGRESSIOI] PARAHLTERS AND IN THL RESIDUALS IS
DONE BY A SUBSIDIARY FUNCTIOH, 'HUBER1' OR 'HUBER?2'. IF NEITHER OF THESL FUIC-
TIONS IS APPROPRIATE FOR THE DATA, INSERT A NEV LINE IN 'HUBER' AS FOLLCVIS:
(8.1] +L4,pDZ«HUBER3
AND DEFINE A NEW SULSIDIARY FUNCTIOH STARTING

V DZ«HUBER3; . . . ¥

(1) {UBER. THE F.. 3T ARGUMENT (R) MUST b%E SCALAR. IF IT IS "1, THE CURRCNT
GLOBAL VALUE FOR K IS USED; OTHERUISL R MUST LIE BETVEE. O AWD 1, A#D IS THE
PROPORTION OF RESIDUALS TO EXCEED K IN MAGIITUDt.  TIE SECOND ARGUIIENT (2) IS
THE ARRAY OF RESIDUALS CORRESPONDING 10 A TRIAL SETTING OF THE REGRLSSION PARA-
METLRS UETA , [VHICd MNUST DE SPECIFIED BLFORE ':UBER' IS CALLED. TWE EXPLICIT
RESULT (2Z) IS A NLW SET OF RESIDUALS, THAT CAN BE USED AS SECOND ARGUMLNT IN
THE WEXT CALL OF 'HULER',

GLOBAL OUTPUT VARIABLLS: K, DBETA (LSTINATED REQUIRED CHANGE IN PARAMETERS),
BETA (NEW PARAMETLR VALULS).

THE PARAMETER CHANGE DBETA YILLDED BY THE SUBSIDIARY FUIICTIOW IS DETERMINED
FROM THE FIRST AJD SECONWD DERIVATIVES OF THL SUM OF RHOS AT THE IWITIAL BETA .
IT YIELDS THE TRUE MINIMUM OF THE SW OF RIOS, FOR THE VALUE OF K USED, IF W0
CHANGE OCCURS IN THE INDLXING OF TIHE RESIDUALS THAT EXCEED K IN MAGIITUDE --
THOSE RESIDUALS BEING RLFERRLD TO AS 'WODIFIED RESIDUALS'. OT!ERIVISE THE TRUE
MINIMUM IS HOT OBTAINED.  THEN THE RESIDUALS ARL CALCULATID UIT!H THF FULL PAFA-
METER CHANGL DBETA AWD ALSO VITJ CHAHGES THAT ARE 0.LY 0.9, 0.8,... OF DBETA,
STOPPING VHEW THE SUM OF RHOS IS LEAST., THE MULTIPLIER OF DBETA IS NAIED AL-
PHA IN THE DISPLAYED OUTPUT. THE VALUE ALPHA = 0.0 CORRESPONDS TO THL INPUT
PARAMETER SETTING BETA . WHAT IS FINALLY YIELDED AS TIHE OUTPUT VARIABLE DBETA
IS THE FIRST DBETA MULTIPLIED BY THE BEST ALPilA ;  APD THAT DBLTA IS ADDED
T0 THE INPUT BETA TO MAKE THE OUTPUT DETA .

'HUBER1' AND 'HUBER2' WILL FAIL IN EXECUTION IF THE RIGHT ARGUWENT OF @ IS
SINGULAR.  IF THAT dAPFLS, (CLEAR THE STATE INDICAYOR AWD)Y START ‘HUUER' AGAIN
WITH A LARGER K (OR SMALLER POSITIVE R ).

(2) UBER1 IS INVOKLD UVHEWw 2 IS A VECTOR. TUERE 1UST DE A GLOBAL MATRIX
X WHOSE COLUMNS Ake THE INDEVENDeNT VARIABLES I0 A REGHLSSIO0N. FOK CORSISTLIICY
pZ «> 14pX ; pUETA < “1tpX .
THE ORIGINAL DATA VECTOR, NOT [AMED IN THE PROGRAM, WAS EQUAL INITIALLY TO
2 + X+.xBETA .

NI TR
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! (3) dUBLR2 IS INVOKLD ity 2 IS A WATRIX. 2 MUST H4AV" AT LEAST 3 ROVS Al'D

3 COLUMNS, THE USUAL ADDITIVE STRUCYUR. IS FITTED. BETA IS A VECTOR OF LEIGT.I {
1+¢/02 , AWD LISTS THE MLCAi!, TuE RO\ CONSTAITS (SUMMING TO 0), Ai'D TuL COLUM!' 1
CONSTAJTS (SUMMIING TO 0). TUE ORIGIIIAL DATA MATRIX, fOT (AI"D Ii! TIT PROGRAI, j
WAS EQUAL INITIALLY TO !

Z + OETAC1]) + (Cp2)[1)M1+LETA)o .+ (p2)[1])4148ETA .

- 4 23 JUNE 1973

V 2Z«R HULER 2:0Z;I;1I1;J:¢3P;53;51;221

3 (1] +2+(ppLETA+,BUTA)A(0=ppR)AJ+3S1+x/p2 i
k (2] =[1,pU0«"dUBLR 0 GO.' 3
£ (3] +(#="1)/6 ]
1 (4] +((1>P)VN<P+0.5+1ix1-R)/2 :

(5] Ke+/(1 0 + "1 1 xP-LP)x|(,2)((4],2)C(LP),IP]]
(6] 'K o= "4
(7] 'IWITIAL WUMBER OF wODIFIED RUSIDUALS = ';+/,I+K<|2 ;
{8) 'FOR ALPdA = 0.0, SUM OF RHOS = ';(0.5x+/ ,2xZx~IY4Kx+/ ,Ix(|2)-K+2 ;
[9) (1 2 =0p2)/L2,13),2 %
(10] [1:»0,22«"! 4
(11) L2:+(L1x10=x/pDZ«{{UBCR1) , L4
(12] L3:»L1x\0=x/pDZ+HUER2 ;
| [13) Lu:»L6x1A/ ,I=T1K<|22+2+D2
i | [14] 'FOR ALPHA = 1.0, SU OF RHOS = ';5+(0.5%+/,22x22x~I1)+kx+/ ,J1x(|22)-K+

2
1 [15] [S5:T1K<|22142+D2xJ+J-0.1
[16) ‘'FOR ALPHA = ';J;', SUii OF RHOS = ';51+(0.5%+/,221x221x~I1)+Kx+/ ,T1x(|221)

'4{*2
[(17] L7x1(5s51)vJ=0
(18] 5«51
(19] -L5,p22+221
(20 L6:'MINI4IZLD SU OF RHOS = ';(0.5%+/,22x2%x~I)+Kx+/ ,Ix(122)-K+2
[21) L7:'DBETA = ' ;DBLTA«DBLTAx11J+0.1
(22) 'UETA = ';UETA«BETA+DULTA

v

e bt padi b
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V DZ+dULR1;Y
[1)  »2+((pUCTA)="140X)A(W=14pX)A(2=ppX)Al=pp2Z
(2]  +p0«'"WUCERL wO GO.',DZ+"!
(3) DZe-X+ . xDUUTA+((KLZM-:)+ X )E(RY )+ xY«(~I)#X

&

V DZ«HUBLR2;A;8;C ;DU 3

[1)  *2+4((puETA)=1++/p2)A(A/35p2)A2=pp2 y
[2] ~pll"HUBER2 NO GO.',DZ+*'' i

(3] U«(+/,0),(+/U) ,+4U«EL 2l -K 1

(4] +((p2)(2 2301,(p2)[2]p0)x(pZ)[2 2)pA«+#~I 3

(5] D«((p2)[1 1)p1,(p2)(1)00)x(pZ)[1 1]pB++/~I 1

(el &e((+/B),~(+/I),+¢I),[11(8,D,-I),[1] A,(8-I),C d

[7) AeBeCeDe"? 3

[s] DZ+~(14UBETAY+((p2)[11414DBETA)e . +(p2) (1141 4DBETAURS i
v

3 - 13 - p




UOWCORTINGLECY

ANALYSIS OF CONTIWGENCY TABLES
(1) COWTINGENCY i

(2) FOURFOLD M

(3) MULTIPOLY M

(4) YV POOL X

THE FIRST TWO FUNCTIONS APPLY 70 2-DIMNCWSIONAL CONTINGEICY TABLLS, THE OTHERS
T0 CONTIWGENCY TABLES IN ANY WUMBER OF DIMENSIONS. ‘'CONTIVGENCY' PERFORi1S A Cil
SQUARED TiST OF ASSOCIATION, WITH DISPLAY OF STAWDARDIZuD RESIDUALS. ‘'FOURFOLD'
HMAY BE APPLIED WHEN THE CATEGORIES OF EACH CLASSIFICATION AR ORDERED.  EMPIRI-
CAL LOG CROSSPRODUCT (FOURFOLD) RATIOS ARC DISPLAYiD; A PLACKETT DISTRICUTION IS
FITTED, AND GOODVESS OF FIT IS TESTED BY CiI SQUARCD, WITH DISPLAY OF STAIDARDI-
ZED RESIDUALS. 'MULTIPOLY' FIIDS EMPIRICAL LOG CROSSPRODUCT RATIOS, ANALOGOUS
70 THOSE OF 'FCURFOLD' FOR 2-DIMENSIONAL TABLES. ‘POOL' POOLS CATEGORIES IN ANY
TABLE.

(1) QQUTINGERCY. THE ARGUMENT (M) #UST BE A MATRIX OF NONNEGATIVE INTEGERS,
HAVING W¥Q ZERO IHARGINAL TGTAL. (IF M4 HAS FRACTIONAL COUPTS, LINE (1] SHOULD
BE BYPASSED.) GLOBAL OUTPUT VARIALLES: EF (MATRIX OF EXPECTED FREQUENCIES), SR
(MATRIX OF STANWDARDIZLD RESIDUALS). SR IS DEFINZD THUS:

SR « (i4-EF)%EF%0.5
+/,SRxSR IS CHI SQUARED.

#OTE. FOR GUTTMAR PREDICTION OF THE COLU:i! CATEGORY FRO:i THE ROV CATEGORY,
LAMBDA « ((+/[/M)=-G)#(+/ 1)=G+[ /+#}
(SEE GOODMANN AWD KRUSKAL: JASA 49 (1954), 732-764.)

(2) FPOUBFOLD. SAME REQUIREMENT FOR M AS IN 'CONTINGERCY'. THE MATRIX OF
LOG FOURFOLD RATIOS J4AS DIMENSION VECTOR (phi)-1 , AND REFERS T0O ALL POSSIBLE 2-
BY-2 TABLES THAT CAN BE FORWED FROM M BY POOLING ADJACCHT ROIS Ai'D COLUMNS. IF

431 1 612
N21 | W22
IS SUCH A TABLE, THE IATURAL-LOG FOURFOLD RATIO (LFR) CALCULATED IS
0+/0.5+(411,012,i22,J21)
THE 0.5 ADDED TO EACH COUWT HAKES LFR A ROUGHLY UNWBIASED ESTIMATE OF LOG PSI,
WHERE PSI IS THE CORRESPONDIIG FOURFOLD RATIO OF PROBABILIYILS, AND PREVENTS
DISASTER IF ANY COUNT IS ZERO.

POSSIULY TJESE VALUES OF LFR DIFFLR ONLY BY SAMPLING ERROR. A PLACKETT DIS-
TRIBUTIOW HAVING CONSTAVT PSI IS FITTED ITERATIViLY BY MAXIiUM COwDITIONAL LIKC-
LIHOOD, GIVEW THAT THE HARGIUAL PROBABILITIUS ARL PROPORTIOWAL TO THE GIVEl MAR-
GIHAL TOTALS. AT STAGLC O THE THREY TRIAL VALULS FOR LOG PSI ARE THE MOST PRE-
CISE OF THE MEMBERS OF LFR AND THE SAME ¢ ONi ESTIMATED STANDARD ERROR. THE
LOG LIKCLIHOOD FUNCTION IS COMPUTCD FOR THE 3 VALUES OF LOG PSI , A PARABOLA IS
FITTED, AWD AT STAGE 1 THE WEXT 3 TRIAL VALUES FOR LOG PSI ARE THE VALUF TO MAX-
IMIZE THE PARABOLA AND A VALUL ON LCITHCR SIDE, USUALLY CLOSER THAI' BEFORE.  AF-
TER AT MOST 4 ITERATIONS, EXPECTED FREQULICIES (EF) ARE CALCULATED, ARND HENCC
STAWDARDIZED RESIDUALS (SR) AWD CHI SQUARED.

THE 4 ITERATIONS WILL WOT FIND THE CORRECT M.L. VALUL FOR LOG PSI IF THAT IS
INFIVITE. T0 ADJUST THE MAXIMUM WUMBCR OF ITERATIOKS, CHAHGE THE 'u' IN LINE
(1] 70 AVY INTEGER NOT LESS THAN 2.

SEE
PLACKETT: JA4S4 60 (1965), 516-522.
TUKEY: EXPLORATORY DATA AUALYSIS, AT5isOil VESLLY, PRULIM. ED. 1971, CIAP. 29X.
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(3) YYLLsboii. Yl BRGULIE o) g0t sl Ad ARKAY CF woin LeALLVE THTLGERS TN
2 OR MORE DIMENSIONS.  GLOBAL OUTPUT VARIABLLS: LCR (LOG CROSSPRIDUCT RATIOS),
ESE (USTIMATED STANDARD ERRORS). LCR AWND EST  :AVE DIMENSION VECTOR (pM)-1 .

IF M IS A MATRIX, LCR IS THE SAME AS LFR YIELDLD BY 'FOURFOLD'. IF M
IS 3-DIMENSIOWAL, LCR REFERS 70 ALL POSSIBLi, 2-83Y-2-BY-2 TAGCLES THAT CAJ BE
FORMED FROM M BY POOLING ADJACEWT PLANES, KOI'S AND COLUMPS. IF

a1 1 12 211 | 212
V121 | W122 N221 | 1222
IS SUCH A TABLE, THE WATURAL-LOG CROSSPRODUCT (LIGHTFOLD) RATIO LCR IS
®:/0.5+ (V111,112 ,W122,1/121,4221,./211,i/212 ,0222)
THE VARIANCT 1AY BE ROUGHLY LSTIMATED BY
+/+0.5+ (111,182, . . . ,4222)
THE SQUARE ROOTS ARE PUT OUT AS ESE . GSIMILARLY IF M iAS MORE THAW TiiRE. DI-
MENSIOLS.

(4) POOL. TUE SECOWD ARGUMENT (X) IS Ai ARRAY I 2 OR MORL DIMENSIONS, TYPIC-
ALLY A CONTINGENCY TABLE OR A TABLE OF SXPECTED FREQUENCIES. Tidg FIRST ARGUMENT
(V) IS A VECTOR VVITH AT LEAST 3 LLIMENTS. V{11l SPECIFIES THE COORDINATL, ALD
14V SPECIFIES THE INDCX-VALUES, OVER WHICA 1WLREC IS TO SE POOLING. SECTIONS OF
X CORRESPONDING TO INDEX-VALUES 23V OF COORDIWATL VL1l ARC ADDED TO THE SEC-
TION WITd INDEX-VALUE V[2] , AdD THEI TUE FORIFR SECTIVNS ARE DELITED. THUS IF
X IS A MATRIX VITd 5 ROIS, AdD IF V IS5 1 4 5 1, POOLING I/ILL BE OVLCR THE 1ST
COORDINATE (ROWS); THLE CO4JTLITS OF ROUS 4, S AKD 1 WILL DE ADDED, PLACED IN R(T/
4, AND THEW ROVS 5 AND 1 WILL BE LROPPLD, SO TuAT TIE RESULT (Y) HAS 3 ROVS, THE
OLD 24D AND 3RL AND THEQ THE SUNl OF THI OLD 1ST, uiil AlD ST# ROI'S. IF 'V HAD
BEEW 11 4 S THE SAME RLUSULT WOULD HAYL BEEN OBTAINED EXCLFT FOR A PERNUTATION
OF ROWS.

9 JULY 1973

V COWTINGEWCY ;C5R

(1] +2+(A/,08H)A(A/ Jbi=Lil )N(A/2<pii YN 2=ppt]
[2]  »p'W0 GO, THE ARGUMENT SIOULD UE A MATRIX OF [OWNEGATIVE INTEGERS.!
(3]  u+(A/1C+AM)AL/15Re+ /1
(4] ~»pl'W0 GO, A MARGIWAL TOTAL VA.ISHLS.'
£5)  '"THUE HATRIX O EXPECTLD FREQUUICILS IS WAMED LF !
6] 'LEAST WEMBLCR OF EF = ';1/,0F«Ro.xC:+/K
£7]  'STAWDARDIZLD RESIDUALS (SR):!
(8]  0.01xL0.5+100xSR«(LF* 0,5 )xM-LF
(9] "CHI-SQUARCD = 'i+/,S5RxSityle'?
{10) 'DEGRLEZS OF FREEDOL = 'yx/ 2+pn
v
V ¥«V POOL X;P
{11 »3=(A/(14,V)SppX)A(A/ 250X )N (25pp X IN(1=pp VIA(3<H+/pVIA(A/ L 1SVIAA/ V=LY
[2] 3+ (AU s(pX)LVIII DA 14pV)=+/,(14V )0 =14V
(3] =0,p00«'ilO0 GO." Y+"
[u]  Y«((1tpX),x/14pX)oX«(AP<V[1],(V[1)21ppX)/ 1ppX)0X
(51  YOVL21; Je+#2T24V; ]
[6] Y«PQ((1tpY),14pX)pYeY[ (AF(24V)o.2114pY)/114pY;]

v
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)
(1]
£2]

(3]
(ul)
(5]
(6]
{73
(8]
[9]
(10]
[11]
[12]

Edtatakio nk s ionii adaiods AT T

Gesile s Conb i e rul At sl e Lo i

FOURFOLD M;I/3R;C:GTRCT;CCT;S;J ;DL ITS

+24 (2<ITS«U )A(A/ M2J0)A(A/ M= MIAN(A/ 25pld)YA2=ppM

»>p«'WO GO, THE ARGUMEWT SHOULD BE £ NONWEGATIVE iNTEGER MATRIX VITH POSIT
IVE MARGINAL TOTALS.'

He((\R)o .2 R (pM)[1])+.xM+ . x(1C)o.s10«(pM)[ 2]

GT«/[R;C]

+21V/(RCT ,GT)=0,RCT+,((R-1), 1)4¥

+2x\V/(CCT ,GT')=0,CC T+, (" 1,C-1)4)

e T1 T3

0. 5+1/,((RCTe . +(C~1)p0)=17) ,(GT+W-RCTe .+CCT),[2.5J(((R=1)p0)o.+CCT)~W
'[0G FOURFOLD RATIOS (LFR):'

(LO.5+100xLFR+63/17)%100

LP«( ,LER)I/ S« /1)« ,+/ %]

LP«LP+ "1 0 1 x5<S*0.5

[(13] L1:'STAGE ';J;': LOG PSI = ';LE+~LP+1E 11xGTxVv/GT>200000000000x |LP

[14)
[15]
[16]

{17]
{18]
(19]
[20]
(21]
[22]
{23]

(2u] L2:'LIKELIIOOD FH CURVES I/RONG WAY. ENTCR 3 INCREASING EQUAL-SPACCD VALUES

{25]

(26]) [3:'THE MATRIX OF EXPECTED FREQUEHCIES IS WAMED EF ,',[«"'

(27]
(28]
{29]
{30]
[31]
v

(1]
(2]
(3]
Cul

(5]
(6]
[7]
(8]
(9]

WGT+ (" 14PSI+xLP)o , xRCTo .+CCT

We (1= ((WxH )= (4xPSI*PSI-1)e .xRCTo ,XCCT)%0,5) 4 (2xPSI~1)o. +(pLFR)n0
We-0,02] 0 "1 0 #H<i-0, 0 0 "1 +i/«(17,[21((pLP)p0)e.+CCT),((pLP)p0)o.+RCT,
GT

+[3x1J=ITS

L+ /+/((pl/)plt) x

s[2x102D«-/L{2 1 2 3]

LP«,LP[2]+D+(Sx~/L{3 11)+2xD

L1V ITS=J«J+1

ITS+(1 0 =522x|D)/(J+1),ITS

+L1,pLP~[P+ "1 0 1 xS«(S:u)f(0.5x|D)LS

FOR LOG PSI.'
*(L1x1((=/"24LP)==/2tLP)AO>-/24LP+3¢,U),L2

'LEAST MEMDER OF E7 = ';L/,LF«t+#l
"STANDARDIZED RESIDUALS (SR):!
0.01xL0.5+100xSR«(EF+ 0,5)xM-EF
"CHI-SQUAREL =~ 34/ ,SRxSR;}''
'"DEGREES OF FREEDOM = ‘3 1+x/pLFR

MULTIPOLY M:iI3i;i7

+(pl« 1 0)+/A/ MZ0IA(AS JI=LMIA(N/25pi 1) A2<i<ppM

»0,p0«'NO GO.*

+3x1(2%K )>p I« ,~1
Sux1(2xK)>ppMe( . CopM)-K) , ((ppM)=K)}+(2v 1 K+1), 2 1)¥1+.x(~),[
2.5] WHe(1ll)o.>1 1+l 14plf

Me(iie1)+2>.((pl) ,KvoM)pil

K;'-VARTABLE INTERACTION--LOG CROSSPRODUCT RATIOS (LCR):'
0.01xL0.5+100%xLCR+(x AT AM Y +x#(~I ) Fil

VUSTIMATED STAIIDARD ERRORS (ESE): ' ,[Je'!
0.01%L0.5t100%LSE-(2x+£:M)%0,5

YTy
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HOWJACOBI

¥ ¥ CHARACTERISTIC ROOTS AND VECTORS OF A SYMMETRIC MATRIX
Y«C JACOLI X

THE SECOND ARGUHENT (X) IS THE GIVEW MATRIX, TO BE TRANSFORMCD TONVARDS DIAGO-
NAL FORM BY JACOUI'S METHOD.  THE FIRST ARGUMENT (C), A POSITIVE SCALAR, IS THE
TOLERANCE FOR OFF DIAGUNAL ELEMENTS IN THE TRANSFORMED MATRIX. TIE CXPLICIT RE-
SULT (Y) IS A THREC-DIMENSIONAL ARRAY I/ITH 2 PLAWES. Y(1;;) IS THE TRANSFORMED
MATRIX, AND S0 1 1 ®Y(1;;) IS THE VECTOR OF ROOTS, WHICH IS ALSO OUTPUT AS THE
GLOBAL VARIABLE ‘'ROOTS'. THE CORRESPONDING VECTORS ARE THE COLUMMS OF Y(2;;] .
THE GLOBAL SCALAR VARIABLE 'ITERATIONS' IS THE NUMBLR OF PERFORMED STEPS OF THE
JACOBI PROCESS.

USUALLY (IF THERE (IAVE BEEN EWOUGH ITERATIONS) THE ROOTS APPLAR IV DECREASING
ORDER.

T0 SEe THE EFFECT OF REDUCING THE VALUE OF C , LET Ct AND C2 BE TOLcRAW-

CES, THE FIRST GREATER TH:«w THE SECOND. ENTER, FOR A GIVEN MATRIX X ,

Y1+C1 JACOBI X

ROOTS

ITERATIONS

Y2+C2 JACOBI Y1{1;;]

ROOTS

ITLRATIONS
THE SECOND VIRSION OF 'ROOTS' IS THE BETTER ONC. THE CORRESFOLDING IMPROVED
EIGEWVECTORS AKE THE COLUMNS OF Yi[2;;)+.x¥2(2;;] .

5 DEC. 1972

V YO JACOBI X;A;I.J;K;M;N;R;5;:2
(1) »2+(A/C>0)A(0=ppC)AC(+/,C)>T/1(,X)= ,QX)A(us+/pX)A(=/pX )A2=ppX
(2] »0,p0«'il0 GO.' ,Y<""!
(3] Ie,(Wid)o.<rile+/14pY+X
(4] R«(W,N)p1,NpITERATIONS+0
(5) [Li:+(Caitel/2«\I/,Y)/Lu
(6] Jert(M-Ke1+0]| 14Me(I\NZ M) 0
(71 +(Y[J:T)2Y[K:K))/L2
[(8]  +L3,pA+0 0.25xxY[J ;K]
] (9] L2:A«0.5:(0r[J;JI<Y[K;K3)+ 302xY(J; K+ YUK K)-Y(J ;J]
A (10 L3:Se(il,t0)p1,iin0
] {11) SK:K,J1<= 1 "1 xS[J;J,K)« 2 1 0,04
[12) Y«(QR)+.xY+.»/«R+.,xS
[13) +L1,pTT ' TIONS+ITERATIONS+1
14 Lu:N00TS« 1 1 0¥
{15]) Y«Y,[0.5] R
v

dde e d St L g




HOWPLOT

THREE FUNCLIONS FOR PLOTTING
(1) W<U SCATTERPLOT V

(2) DOWNPLOT V

(3) &S RoOUPLOT V

'SCATTERPIOT' IS USED FOR SCATTERPLOTTING CORRESPONDING MIDMBDLRS OF TWO VEC-
TOR5. THE WHOLE CHARACTUR ARRAY IS GENERATED IN THE !IS AND MAY THEN BE PRINTED.
'DOWNPLOL' IS USED FOR PLOTTING MEMBERS OF ONE OR MORE VECTORS AGAINST THEIR IN-
DEX WUMBERS. THE CHARACTER ARRAY IS GENERATCD AWD PRINTED LINL BY LIWNE; IT IS
NOT STORLD Ii Td4L WVS. ‘'ROWPLOT' GEWERATES AWD DISPLAYS IN ONg RO! THE CONTEWTS
OF £ACid OF ONE OR MORE VECTORS. SEE ALSO 'HOWIRIPLEPLOT'.

(1) SCATIERZIQT. U AND V ARE VECTORS OF EQUAL LENGTH. CORRESPORDING MEMBLRS
ULJ] AND V[J] ARE PLOTTED AS ABSCISSA AWD ORDIWATL OF A POINT. A SINGLE POINT
IS SHOVN AS ©, TWO COINCIDINT POINIS AS ©, THREL OR MORE COINCIDENT POINTS AS e,
(YOU MAY CHANCE THIS CODE EASILY--SEE BELOW.)

T0 GET 4 SINCLE PLOT DO WOT WAME AN LXPLICIT RESULT BUT CALL THUS:
U SCATTERPLOT V
TO GET A PLOT AWD ALSO STORLC THE SYiiBOL ARRAY FOR MAKIIG A COPY LATER CALL THUS:
Oeli+) SCATTERPLOT V

THE USER IS INTERNOGATED ABOUT THE SIZE OF THE PLOT (WO. OF ABSCISSA VALUES,
NO. OF 02DTUATE VALULS), AHD ABOUT WHETHER HE VAIITS THE HORIZONTAL AND VERTICAL
SCALES TO bl FPQUAL. IF THE SCALES ARE 10T MADE EQUAL THLY ARI CHOSE:: LIKE THIS.
THE ABSCISSA ViTUE SFT IS EQUAL-SPACED, THE LEAST EQUAL TO (L/U), TAEC GREATEST
T0 (T/U), LXYCEPT THAT IF THESE EXTREMES DO KOT HAVE THE SAME SIGI THE VALUZ SET
IS MIWNIMALLY TRANSLATED WITHCUT CHANGE OF SCALE SO THAT O BECOMES A MLIIBCR OF
THE SET. GSIMILARLY FOR ORDINATEC. IF THE SCALES ARE MADE EQUAL, EITHER THC AB-
SCISSA VALUE S5T OR THE ORDINATE VALUE SET WAY BE SHORTENZD, TO AVOID UNNECESSA-
RY BLARK COTU.NS OR ROWS IW THE PLOT. TidU' COORDIWATES OF THE PLOTTED POINTS ARE
ROURDED 70 THT NEAREST MEMBLRS OF Tur COORDINATC VALUE SETS. THE AXCS ARE PRI~
TED AS x'S. EYCLPT TiAT IF 0 OCCURS IT IS SO SHOJl.

70 Ci/n™7 Tul PLOTTING CODE ALTER THE CHARACTER VCCTOR IN LINE (1].  FOR EX-
AMPLE, T0 LYOW NJLTIPLICITIES BY WUMERALS, 1 TO 9, WITH X FOR 10 OR MORE, RE-
PLACE 'ecOo' BY 'X987654321'. (MC GSHOULL WOT CONTAIN A DLAVK OR | OR -.)

THE TUPNIVAL 7S SUPPOSED SET AT SINGLE SPACING, AlID PAGE VIDTH AT THE MAXIIUM
OF 130 Cu’ . 'CTLl5 IF WEEDED. THE LAST LINE [2.) SPECIFIES A HORIZONTAL SPACIHG
OF T2E DI: °L%Y; YOJ KAY DELETC THIS LINE, Ii VHICH CASE THE ‘euw' IW LINC (7]
SHOULD BE C"AU73D 70 '129'. THE LOCAL VARIABLL S IN LINE [12] SHOULD GIVE TIIE
RELATIVE ' 7IITUDES OF THE [IORIZONTAL AND THE VERTICAL URIT STEPS, AS PRINTED BY
Your TEPTELL. WITH 6-PER-IKNCH LINEFEED, THE CORRECT SETTIVGS FOR S ARE

TOR 12-PITCI! CUARACTER SPACING, LAST LINE INTACT: S« 11

i0® 10-PITCE CHARACTER SPACING, LAST LINE INTACT: S« 65

% 12-PITCH CHARACTER SPACING, LAST LINC DELETED: S« 1 2

i OR 10-PITC/i CHARACTER SPACING, LAST LII'® DELETED: S+ 3 5
(SAME FOR '9“SCP' , THE LAST LINE BEING i/UMBCRED [33).)

(2) DOIII07, vV IS EITEER (1) A VECTOR OR (2) A MATEIX. IF (1), V[J] IS
PLOTTED AGAINST J. IF (2), THE ROS ARF PLOTTED, I.E. V[ ;J) AGAII’ST J. POINTS
ARE SHOWE 'S o. MULTIPLICITY 1o ilOT INDICATCD. <« OR + MEAHS AT LEAST OIE VALUE
WAS OUT Tp. THP PLOTTING RAIGE.

THE USZl (7.1 SPECIFY SCALE AND LABELING (WITH THE GLOBAL VARIABLES DPS AiD
DPL ), /ABD IS CIFERED INSTRUCTIONS.
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T0 CHAWGE THE SYMBOLS (o, «, =) USLD IN PLOTTING, ALTER LINES (33] AND (37].
T0 CHANGE THE TOP AND BOTTO!! ROWS OF THE PLOT, MARKING THE ABSCISSA SCALE, ALTFR
THE DEFINITION OF AC 1IN LINE [27). LABELING OF THE TOP ROV CAW BE INSCRTED AS
A NEW LINE [26.1].

(3) BOWPLOT. S IS A VECTOR SPECIFYI\IG SCALE, JUST LIKE DPS; SEE INSTRUCTIONS
Iii 'DOWNPLOT'., V IS EITHER (1) A VECTOR OR (2) A MATRIX. IF (1), THE SET OF
VALUES IS SHOWN AS POINTS OV A LINE. IF (2), EACH ROI/ IS SO SHOI/N, OWE LINE PER
ROW.  MULTIPLICITY IS SHOVW AS IN ‘'SCATTERPLOT'. TO CHAWGE THCL PLOTTING CODE
ALTER THE CHARACTER VECTOR IN LINE (u4].

25 FEB, 1972

V Wel) SCATTERPLOT VB3I 3d JMyMC 3RS
(1] 2+ (1=ppMC«'@80' YA(1=ppU)A(1=ppV)A(i22)A(+/pU)=tle+/pV
(2]  +p0«'ARGUMEHTS SHOULD LE VECTORS OF EQUAL LENGT! NOT LESS THAN 2.',/e"!
[3]  +ueA/0<Re=/E+ 2 2 p(T/U),(LIU) ,(T/V), LIV
(4]  +0,plJ+'ONE ARGUMENT HAS ZERO RAUNGE.' He''
(5] 'SIZE? TYPE TWO WUMBERS, SUCH AS: 25 25'
(6] +5xi(v/Mzli)v(v/12M)v2=pii«, (]
(7] -+s+6u2i1]
(8] -6,p(J+'FIRST NUMBER T0O LARGE, TRY AGAIV.'
(9] I«R+M-J+1
(10) 'SAME SCALES? Y OR i.'
(11] (('¥Y'=1+4,00)/ 13 12),10
(12) Z[;2)«B(;1)-Ix"14Me14TR$I[1 2)eSx[ /I35« 1 1
13] Wetxt ((¢0)p* '), (1] *x!
(14] <L1x\0<x/ 1 2 +E«E+I,(1.5) I
(15) El1;2)«(1-M(1])+E(1;1]«L0.5¢E[1;1]
(16]) WL;(pW)[2]-E(1;1])«(M(2]p"}"),'0"
(17 L1:C,'EXTRiME ABSCISSAS ARE: ';0I[1)xL[1;]
(18] 'ADSCISSA UNIT STEP IS ';1+4I
(19] +[2x10<x/E[2;]
(20] FE[2;2)«(1-M{2))+E(2;1)«L0.5+£(2;1]
[21] W(1+E(2;1]);)«'0" ,i(1)p"'-"
£22] L2:'EXTREME ORDINATES ARE: ';9I[2]xC(2;)
(23] 'ORDINATE URIT STCP IS ';I(21;C.C
(2u] U«(pW)[2]-TE[1;1)-0.5+U+I[1]
[(25) V«l0.5¢E(2;1)-V+I[2])
£26] L3:WIVLJII;UlIII«MCLAl T2 +MCWWVTVIJ I ULII]
[27] L3xwW2Jd+«J+1
(28] UsVe'?
(291 We((2x 14pi)p 0 1)\W/

v
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vV DOWNPLOT VJ;NiC;D;AC
(11 +(((A/18pV)A 1 2 =ppV)/ 3 4),2
(2]  +0,p0«'ARGUMENT WON''T DO.*
(3}  V«(1,pV)pV
(4] 'INSTRUCTIONS? Y OR N!
(5]  +(C'wY'=14,01)/ 21 6),4

- Todacaies o ——— [ . o oy e et o
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(6] 'TWO GLODAL VARIADLES iUST BE SPECIFIED, DPS (DOI'ilPLOT SCALL) AilD DPL (D
OWNPLOT"!
(7)  'LABELING). BOTU ARE VECTORS. DPS INDICATES THL PLOTTIIIG SCALL FOR ARGUM
ENT VA-'
(8) 'LUkS, LISTING THE LOWEST VALUL, THE STEP SIZE APD THL HIGHEST VALUE TO BE
ACCOM-" f
(9]  'MODATED. HIGHEST MINUS LOWEST MUST BE DIVISIBLE LY STEP.  EVERY TENTH V ’
ALUE IS 4
(10) 'MARKED BY +, UIJLESS LINE (27) IS ALTERED. ENTCR E.G. (45 PLOTTING VALUES ?
3 ) 5
4 . 113 DPS+8.1 0.1 12.5°'
b (12) ‘*DPL IWDICATES THE LABELIilG OF TilE INDEX {UMBERS, LISTING FCUR INTEGERS.
] THE 1ST'
4 (13) 'MUST Bk POSITIVE AND WOT GREATER Tildll THE 3RD. THE DPL[1)''TH ROV OF THE
A PLOT IS!
k (14) 'LABELED DPL{2]), AND THERLUAFTER EVERY DPLL3)''TH ROV IS LABELED WITH AN I
1 NCREMENT"
k (151 ‘OF DPL{4]. FOR SIMPLL COUNTIIG OF ROWS BY TENS EHNTER:!
1 (161 DPL«up10"
1 (171 “WITH DPS AWD DPL SPECIFIED, RESUME LCXECUTIOI OF DOIFPLOT BY TYPING:'
{i8] +20"
[19]) SADOWNPLUT+ 9+p(J«'SEL HOWPLOT FOR FURTHER INFO.'

[20) SADOWNPLOT+0

{211 -+23-J«Vv/(3=pDPS)A(A/0= 141+ ,DPS)A1=ppDPS

(22] »23+(W=Ld)A(12520)A2sh«1+(~/DPS{3 1])+DPS[2]

(23] =0,p(0«'DPS WON''T DO,

{2u] +26-(A/,DPL=\DPL)A(4=+/pDPL)A1=ppDPL

(251 -+26+(1sDPL[1])A2/DPLL3 1],03«""

2 [26) =0,pld«'DPL WOU''T DO.'

Lk - [271 +1, (el )pACer === +!

2 (28] L1:C+«(il+2)p1

 k £29] CLalr(L2.5+(V[;J])-DPS[1])+DPS[2))L1/+2)+2

{30] cl2]«3icl2]+2xCT1]-1

[(31] Clw+1]«ulCli+1]+3xClu+2]-1

[32] -+[3x10=UPL[3])|J-DPL{1]

[33] ! [',' o='[1+71+C])

[34] L2:»>L1xa(pV)[2])2J«J+1

{35] =0,pu)«! +',NpAC

{36] L3:0«(up10)TDPLL 2]+DPLLu]Ix(J-DPLL1])+DPL[3)

[37] -L2,p00¢'0123456789 '[1+D+(10x(D=0)A,v(14)o,>13),0]1,"|',"' Oo='[1+"14(C)
v




aibine v 3

HOWIWTEGRATE

OHE-DIMENSIONAL DEFINITE INTEGRALS
Z«H IiNTEGRATZ A

THE FIRST ARGMENT (M) IS A STUP SIZE, SCALAR.  THE SECOID ARGUMEKT (A) IS A
VECTOR OF 2 OR MORL LIMITS OF INTLGRATION, IN ASCENDIIG ORDER, WITH DIFFEREWCES
ALL DIVISIBLE bY # . TdE EXPLICIT RESULT (Z) IS A VLCTOR OF LENGTH{ 1 LESS THAN
THE LENGTH OF A , LISTING 14!F DEFINITE INTEGRALS FROM A[1) TO EACH OF THE OTHER
MEMBERS OF 4 . THE FUWNCTION TO 8L INTEGRATED IS ASKZD FOR, AND MUST BE EXPRES-
SED IW TERMS OF AW ARGUMiLT X  (LOCAL VARIAGLE). TWO-POINT GAUSSIAN QUADRATURE
IS USED Ii EACd INTERVAL OF WILTH i .

FOR EXAMPLE, 7C TUTEZGRATE 5IV X FRUM 0 TO EACH OF 1 2 3 AND COMPARE THE
RESULT WITH 1 - COS X :
0.1 INTEGRATL ~1+u4
FUNCTION JF X TO 8E INTLGRATED?

WE
10X

0.4596976835 1.u4l6146804 1.9899G2451
1-2013

0.4596976941 1.416146337 1.589992u97

29 NOV. 1972

V Z«H INTEGRATE A3i3X
(1)  3-(A/2<50A)A(1=ppA)A(A/ F >0)A0=ppll
(2] =3+(A70<d-0, 14)AA/l=Lid+((14A)-14A4) 1
(3] =»u,p0«'W0 GO.',2«!
{4l "FUWCTION OF X TO BE INT.GRATLD?'
(5]  X«(AL1)t<a " 14N) o -(i142)>1+ 1 ~1 $3%0.5
(6]  Z«(is2)x(io. 2y 10+ . x+/0

9 S ROWPLOT Vid 30730 HC
(1] >(((A/1pV)N 1 2 =ppV)/ 3 4),2,0¢D
{(2)  -pli«'SCCUID ARGUMENT WOW''T DO."
£3l V+(1,pV)pV
[4]  26-J«v/(3=pJ)A(1=ppS)A1=ppMC+}' a0’
[5) 4G+ (1250 L) =LY A2<i+«1+(~/S03 1])+502]
(6]  =+puU'FIRS. ARSULST WOR' ' DO
{71 Ce(pliC)L+/(w/+2)o .22 (L2.5+(V[J; -S(1)=85(2)L+2
(8] c[2)«(0 1 =1L14C)/CL2),72
(9) cli+1le(0 1 =1L"14C)/CT1+1],71
(10) s5p' ';('e ' 1O 3H14T14C]
[11] »7x1(1tpV)ad« /41
(12] 5p' ';ilptememcane- +1




HOWTRIPLEPLOT

FUNCTIONS FOR PLOTTING
(1) ZzTOP V

(2) W« TSCP V

(3) ROYCOLDISPLAY I

IN THESE VECRSIOWNS OF FUNCTIONS DUSCRIBED IN  'HOWPLOT', A THIRD DIMENSION IS
SUGGESTED BY VARYIHG THE SYIMBOL USED IN PLOTTING THE POINTS.

(1) ZDP (TRIPLC-DOWNPLOT) IS A MODIFICATION OF 'DOVNPLOT'. THE GLOBAL VARIA-
BLES DPS AWD DPL MUST BE SPECIFILD BEFORE EXECUTIOIl. THE FIRST ARGUMENT (Z)
IS A CHARACTER SCALAR OR VECTOR SHOWING WHAT SYMBOLS ARE TO BE PLOTTED. IF Z IS
SCALAR, THE SAMT SYMBOL WILL BE PLOTTED EVERY TIME. THE CALL

to! TD.’ V
YIELDS THE SAiic RESULT AS TdE CALL

DOVNTLOT V
WITH THE EXCEPTIONS THAT INSTRUCTIONS ARE NOT OFFERED AND TRAT IF ANY MEMBERS OF
V FALL OUTSIDZ THT RANGE SPECIFIED DY DPS THEY ARE MISSED (NO WARNING « OR +).

IF Z IS NO? SCALAR, IT MUST BE A CHARACTER VECTOR OF LENGTH EQUAL TO ~14pV .
2[J) IS THE SYMBOL USED IN PLOTTING VIJ) (IF V IS A VECTOR) OR VL;J) (IF V IS A
MATRIX) AGAINST J.

T0 CHANGE THE TOP AWD BOTTOM ROVS OF THE PLOT MARKING THE ABSCISSA SCALL, AL-
TER THE DEFINITION OF AC IN LINE [12). LABELING OF THZ TOP ROV CAN BE INSERT-
ED AS A WEV LINE [11.1].

(2) ISCP (iRIPLE-SCATTERPLOT) IS A MODIFICATION OF ‘SCATTERPLOT'. THLE ARGU-
MENTS (U, V) SFICIFY ABSCISSAS AND ORDIHATES, AS BEFORE. ALL COINCIDERNT POILWTS
ARE SHOWN AS = . AFTER THE INTERRUGATIONS ABOUT FINENESS OF PLOTTING AWD EQUAL
SCALES, THE USER IS ASKED FOR THE SYMBOLS TO BE USED. IF HE REPLIES WITH OINE
SYMBOL Iil QUOTES, SUCH AS '©', THE RESULT WILL BE LIKE THAT OF 'SCATTERPLOT' EX-
CEPT THAT ALL MULTIPLE POINTS ARE SHOWN BY THE OPE SYMBOL = . OTHZRWISE HE MUST
REPLY WITH A CUARACTLR VECTOR OF LENGTH EQUAL TO pU AWND oV , NONE OF THE CHA-
RACTERS BETIC A BIAHK OR + . FOR A VECTOR V , THE CALL

(wpV) T5CP V
WITH 2 AS T ANSVIC TO THE THIRD QUESTION YIELDS A PLOT EQUIVALEHT TO

Z TR V
IF THE SCALES ANE SUITABLY IATCHED. BECAUSE THE MINUS SIGH! MAY BE NEEDED AS A
PLOTTING SYIBOL, ZERO LIUES ARE {I0T I.DICATED IN THE PLOT WITH | OR - , AS THEY
ARE IR 'SC.TTTRPLOT:.

(3) ROV WISPL4y IS A SPECTAL FUNCTION, SUBSTITUTING FOR ‘'TSCP', THAT MAY BE
USED TO DI<lnAY U2 QUTYUZ OF 'ROWCOL'.  ABSCISSAS AND ORDINATES ARE THE COLUMN
EFFECTS A0 TUE R'Y EFFPCTS. THE STMBOLS PLOTTED REPRESENT THE RESIDUALS GRADED
Ol A 7-FOIRT OCALL FRC'! LARGE-NEGATIVE T0O LAKGE-POSITIVE: M, M, -, o, +, P, P.

AT T.'% IYPETISE O ACCIRACY Iii FOSITIONING THE PLOTTED POINTS, COIWCIDERCES OF
ROWS OR COLL’:'3 M.E AVOIDED THROUGH A UNIT MTNIMUM SEPARATION, EVEN WHEWN TWO ROV
EFFECTS Oit COLU! EFFLCTS ARE EOUAL.

THE ARGUMTUT (I) IS THE CHANGE IN COLUWMN EFFECT REPRESENTED BY A UNIT HORI-
ZONTAL DISPLACEMENT. TRY LXECUTING THE FUWNCTION WITH A LARGISH VALUC FOR I, NOT

LESS TiAu ((i/Cr)-L/CE)+20 . IF TUE DISPLAY IS 100 SMALL REPEAT WITi A SMALLER
VALUE TOrR I

- 29 o
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THE FUNCTION REFERS TO [TUE GLOUAL VARIASLES CL, RE, RY GENDRATED BY 'RO'VCOL',
BUT THESE SHOULD FIRST UE REARRAI/GED LY CALLIG THE FUNCTION 'ROVCOLPLRMUTE' (WO
ARGUMEIITS OR EXPLICIY RESULT), !HICH PERIUTLS Tdk ROVS Ai'D COLUMIIS SO THAT CL IS
IN ASCLWDING ORDER AND RE IN DESCLiiDING ORDER.

ADJUSTHLWTS IH LINE [1]: TO SUPPRLSS (IORIZONTAL DOUBLE SPACING SET (D<«1).
FOR 6~PER-INCH LINEFEED, 12-PITCH CHARACTER SPACING, IF D«2 Tiei S+ 11, BUT
IF 0p«l THEi U« 12 . FOR 10-PITCiHd SPACING, SET S+ & 5 AlD S+ 3 5 , RESP.

2f FEB. 1972

: V W«li TSCP V&3 1:J M50 3R3552
. [1)  »2+(1=ppU)A(1=ppV)A(iI22)A(+/pU)=iN++/pV
(2]  +p0«'ARGUMENTS SHOULD BE VECTORS OF EQUAL LENGTIl tiOT LISS THAI 2.',l«'!
(3 U+A/O<Re=/B+ 2 2 p(T/U),(L/U) ([ /V), LIV
(4]  »0,plde'ONE ARGUMENT HAS ZERO RANGL.' We'!
(51 'SIZE? TYPE TWO WUMBERS, SUCH AS: 25 25'
! (el  »5xalv/m=Li)v(v/12i)v2=pil«,l]
(7] -»s+6u2M{1]
(8] -6,p0¢'FIRSYT WUMBER TOO LARGL, TRY AGAI.'
(9] I«R:ip-J+1
(10) 'SAME SCALE3? Y OR i.'
[11) »((C'wy'=1¢,0)/ 13 12),10
[12] B0;23en0;1)-Ix 24Me14TR+I[1 2)«Sx[ /I35« 1 1
[13] Web (i)' ') ,[2] 'x!
(14] L1x0<x/ 1 2 tL«E+I,[1.5] 1
(15] £01;2]«(1-i1))+E01;1]«L0.5+E(151]
(16] Wl14pl5(pi)2]-L01;1]]«'0"
E 3 (17) L1:'S5YMBOLS TO BE USED?'
P (18] -L2x10<x/E[2;)
b [19) E[2;2)«(1-4[2])+2[2;1)«L0.5+E(2;1]
b . (20] Wl1+E(2;1];1)«'0"
[21] Lz2:+(((~v/,Zc? «*"IA(A/l=p4IN 0 1 =ppZ«(0)/L3+ 1 2),L3
[22] L3:~»(L3-1),p0'W0 GOOD, TRY AGAIN.'
(23] 2Z+ip2
(4] C,'EXTREME ABSCISSAS ARE: ';¢IT1IxE[1;]
(25) '"ABSCISSA UWIT STEP IS ';14I
(26]) 'EXTREME ORDINATES ARE: ';0I[21x£(2;]
(27) 'ORDINATL UWIT STEP IS ';I[2);(C,C
(28] U«(pW)[2]-TE[1:1)-0.5+4U+I[1]
(29) V<l0.5+E[2;1]-V+I[2]
(301 Lu:WlV{J UL+ ((WIVIJ 0L 1)/ %), 20J])
(31] Luxaizd«J+1
(32] Us«Vege!
£33] W«((2x " 14pi/)p 0 1\

ki e i s

> s e P ] -
o SO R R P L T e e Raddba o S daloas o

etk i R

v




HOWMAX

MAXIMIZATION OF A FUNCYION OF OWE VARIASLE
Z«X MAX Y

THE ARGUMENTS ARE VECTORS OF L&i'GTH 3, THE FIRST HHAVING NO TiO MENHBLRS EQUAL.
THE vXPLICIT RESULT IS THE COORDINATLS OF THE VERTCX OF A PARABOLA WITiH VERTICAL
AXIS, THAT GOES THROUGY THE 3 POINTS I/HOSE ABSCISSAS ARE THL FIRST ARGUMENT AND
ORDINATES THE SECOND ARGUMLNT. IF THL PARABOLA IS COWVEX FROi BELO!!, TIE VERTLX
IS THE MINIMUM INSTCAD OF THE MAXINUK POIJT, AND THL WORD 'MINIiUM.' APPEARS IN
THE OUTPUT.

E 29 HOV. 1972

. V Z«X MAX Y;A;8;4
(1] +3-(35+/pX)A(3=+/pY)A(1=ppX)A1=ppY
(2]  +3+(~/(VX)=04X)A=/Z« 0 O
(3  =+p0«'ARGUMENTS HON''T DO." ,Z«""

h (4] A«YE1,X,01.5) XxXeX-t«(+/X):3

E (5] -+((A(3]=0),A[3]<0)/ 9 7

(6] "MINIMUH.'

8 (71 z01l«m+B<(2/144)272

1 (8] ~+0,2[23«A[1 2]+.x1,B32

(9) 'WO TURWING POIKT.',Z«''

V Z TDP Viyd 3 ACC30D
[1] - (((A/2spV)A 1 2 =ppV)/ 3 u),2
. [2)  -0,pl"ARGUMENTS HWON''T DO.'
(3] Ve(1,pW)pV
(4]  »((0 1 =ppZ)/5,2+uxv/(p2)="14pV),2
: (5] Z«(pV)[2]02
[6] 8B-J«v/(3=pDPS)A(A/Oz 141+ ,DFS)A1=ppDPS
(7] -8+ (=LW)A(12520)A2si«1+(-/DF5(3 1]):DFS[2]
(8] ~0,pU«'DPS WOU''T DO.'
(9] »11-(A/,DPL=LDPL)A(4=+/pDPL)A1=ppDPL
i {10] -11+(1<sDPL{1]))A2/DPLL3 1],0«"!
E (11 -0,pJ«'DPL 1ON''T DO.'
- (12] +1, (el )pACE mmm e m e +!
/ [13]) L1:C+(+2)p" !
[aw] COalr(L2.54(VL;3-DPS[11)+DPS[2))LI+2]«2[J)
{15) ~+L3x\0=DPLI3]|J-DPLI1]
(ie] ' j',14714C
[17] L2:»Lix v (pV)[2]2J«J+1
[18) -~+0,pl' +1,100AC
[19]) L3:D«(4p10)TDPL] 214DPLLuIx(J-DPLL11)+DPL[3]
(20) +L2,p0¢'0123u5¢ 783 '[14D+(10%x(D=0)A.v(14)°.>13),01,"|',1+ 14C
v




